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PREFACE 


Tur following work is intended as an introductory text- 
book on Solid Geometry, and I have endeavoured to present 
the elementary parts of the subject in as simple a manner as 
possible. Those who desire fuller information are referred to 
the more complete treatises of Dr Salmon and Dr Frost, to 


both of which I am largely indebted. 
I have discussed the different surfaces wh 


represented by the general equation of the second degree at 
adopted. I think that 


an earlier stage than is sometimes 
this arrangement is for many reasons the most satisfactory, 
and I do not believe that beginners will find it difficult. 

The examples have been principally taken from recent 
llege Examination papers; I have also 
theorems of M. Chasles. 
ral of my friends, particularly to 
Mr R. H. Piggott, B.A., Scholars 
+ their kindness in looking over 
estions. 


ich can be 


University and Co 
included many interesting 

I am indebted to seve 
Mr S. L. Loney, B.A., and to 
of Sidney Sussex College, fo 
the proof sheets, and for valuable sugg 
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SOLID GEOMETRY 


CHAPTER I. 


CO-ORDINATES. 


1. Tue position of a point in space is usually determined 
by referring it to three fixed planes. The point of inter- 
section of the planes is called the origin, the fixed planes are 
called the co-ordinate planes, and their lines of intersection 
the co-ordinate axes. ‘The three co-ordinates of a point are: 
its distances from each of the three co-ordinate planes, 
measured parallel to the lines of intersection of the other 
two. When the three co-ordinate planes, and therefore the 
three co-ordinate axes, are at right angles to each other, the 
axes are said to be rectangular. 

. 2. The position of a point is completely determined when 
its co-ordinates are known. For, let YOZ, ZOX, XOY be 
the co-ordinate planes, and X'OX, Y'OY, Z OZ be the axes, 
and let LP, MP, NP, be the co-ordinates of P. The planes 
MPN, NPL, LPM are parallel respectively to YOZ, ZOX, 
XO Y; if therefore they meet the axes in Q, R, S, as in the 
figure, we have a parallelopiped of which OP is a diagonal; 
and, since parallel edges of a parallelopiped are equal, 

LP = 0Q, MP = OR, and VP = OS. 

Hence, to find a point whose co-ordinates are given, we have 
only to take OQ, OR, OS equal to the given co-ordinates, 


2 CO-ORDINATES, 


and draw three planes through Q, R, S parallel respectively 
to the co-ordinate planes; then the point of intersection of 
these planes will be the point required, 


If the co-ordinates of P parallel to OX, OY, OZ respec- 
tively be a, b, c, then P is said to be the point (a, b, c). 


3. To determine the position of any point P it is not 
sufficient merely to know the absolute lengths of the lines 
LP, MP, NP, we must also know the directions in which 
they are drawn. If lines drawn in one direction be con- 
sidered as positive, those drawn in the opposite direction 
must be considered as negative. 

We shall consider that the directions OX, OY, OZ are 
positive. 

The whole of space is divided by the co-ordinate planes 
into eight compartments, namely OXYZ, OX'YZ, OXY’Z, 
OXYZ, OXY'Z', OX'YZ, OX YZ, and OX'YZ. 

If P be any point in the first compartment, there is a 
point in each of the other compartments whose absolute 
distances from the co-ordinate planes are equal to those of P; 
and, if P be (a,b, c) the other points are (— a, b, c), (a, — b, o), 
(a, b, — o), (a, — b, — c), ( a, b, — c), (- a, — b, c) and (- a,—b,— 0) 
respectively. 


CO-ORDINATES, 3 


i 4. To find the co-ordinates of the point which divides the 
straight line joining two given points in a given ratio. 
. Let P, Q be the given points, and R the point which 
divides PQ in the given ratio m, : m,. 
Let P be (x, Yu 2), Q be (zy Ya 2), and R be (æ, y, 2). 


Draw PL, QM, RN parallel to OZ meeting XO Y in L, M, 
N. Then the points P, Q, R, L, M, N are clearly all in one 
Plane, and a line through P parallel to LA will be in that 
Plane, and will therefore meet QM, RN, in the points K, H 


Suppose, b 
HR PR m, — 


KQ PQ mmn 
But LP =z,, MQ=z,, NR-2; 


Then 


39, Nm, 
z,—2, m+m, 
si MZe + mg, 
m, +m, 
Es mc, 
Similarly a= M i 
m, +m, 
1 2 


and y= et TM, 
m, +m, 


When PQ is divided externally, m, is negative. 


4 CO-ORDINATES. 


The most useful case is where the line PQ is bisected : the 
co-ordinates of the point of bisection are 


3, 2, ? 30, 92. i, t 2). 
The above results are true whatever the angles between 
the co-ordinate axes may be. 


We shall in future consider the axes to be rectangular in 
all cases except when the contrary is expressly stated. 


5. To express the distance between two points in terms of 
their co-ordinates. 


Let P be the point (z,, Y, 2,) and Q the point (a, Yp, z,). 
Draw through P and Q planes parallel to the co- ordinate 
planes, forming a parallelopiped whose diagonal is PQ. 


Z 


Let the edges PZ, LK, KQ be parallel respectively to 
OX, OY, OZ. Then since PL is perpendicular to the plane 
QKL, the angle PLQ is a right angle, 

s P@=PI + QI 
=PLI?+LK*+KQ. 

Now PL is the difference of the distances of P and Q 
from the plane YOZ, so that we have PL=a,—2,, and 
similarly for LK and KQ. 

Hence PQ*=(a,—2,)?+ (y, — y)? -- (22) (i). 

The distance of P from the origin can be obtained from 
the above by putting 2,=0, y,=0, z,=0. The result is : 


OP*=2! Ty) + zs... (ül). 


CO-ORDINATES. 5 


, Ex. 1. Theco-ordinates of the centre of gravity of the triangle whose angular 
points are (zy, Yp Z)» (zo Vo Za)» (Za Yor Z3) OFC $ (z; -- z3- 23), $ (ict Vo Vs 
and 3 (zz; 2a) 

Ex. 2, Shew that thethree lines joining the middle points of opposite 
edges of a tetrahedron meet in a point. Shew also that this point is on the 
line joining any angular point to the centre of gravity of the opposite face, 
and divides that line in the ratio of 3:1. 


Ex. 8, Find the locus of points which are equidistant from the points 
(1, 2, 3) and (3, 2, 1). Ans, x—2z=0. 


Ex. 4, Shew that the point (2, 0, #) is the centre of the sphere which 
passes through the four points (1, 2, 8), (3, 2, — 1), ( — 1, 1, 2) and (1,-1, - 2). 


..6. Let a, B, y be the angles which the line PQ makes 
with lines through P parallel to the axes of co-ordinates. 
Then, since in the figure to Art. 5 the angles PLQ, PMQ, PNQ 


are right angles, we have 


PQ cosa = PL, 
PQcos8 = PM, 
and PQ cos y= PN. 


Square and add, then 
PQ (cos'a + cos*8 + cos*y} = PL? + PM* + PN’ = PQ. 
Hence cos'a + cos" + cos*y = 1. 


The cosines of the angles which a straight line makes 
with the positive directions of the co-ordinate axes are called 
its direction-cosines, and we shall in future denote these 
cosines by the letters l, m, n. 

From the above we see that any three direction-cosines 
are connected by the relation /+m'+n'=1. If the 
direction-cosines of PQ be l, m, n, it is easily seen that those 
of QP will be — 4 —m, — n; and it is immaterial whether we 
consider J, m, n, or the same quantities with all the signs 
changed, as direction-cosines. 

If we know that a, b, c are proportional to the direction- 
Cosines of some line, we can at once find those direction- 


: l 3 
cosines, For we have ==7= 03 hence each is equal to 
a 


Nm tn) io to | Wee da 
Matt be) rt OEE e+ +c) 


ati 


&e, 


6 CO-ORDINATES. 


Ex. The direction-cosines of a line are proportional to 3, — 4, 12, find 
their actual values. Ans. ys, —y%s) 1$ 


7. The projection of a point on any line is the point 
where the line is met by a plane through the point per- 
pendicular to the line. Thus, in the figure to Art. 2, Q, R, S 
are the projections of P on the lines OX, OY, OZ re- 
spectively. 

The projection of a straight line of limited length on 
another straight line is the length intercepted between 
the projections of its extremities. If we have any number of 
points P, Q, R, S... whose projections on a straight line are 
P, q, T, 8..., then the projections of PQ, QR, RS... on the 
line, are pq, qr, vs.... 

In estimating these projections we must consider the 
same direction as positive throughout, so that we shall 
always have pq+qr+7s=ps, that is the projection of 
PS on any line is equal to the algebraic sum of the pro- 
jections of PQ, QR and RS. This result may be stated in a 
more general form as follows:—The algebraic sum of the 
projections of any number of sides of a polygon beginning at 
P and ending at Q is equal to the projection of PQ. 


8. If we have any number of parallel straight lines, the 
projections of any other line PQ on them are the intercepts 
between planes through .P and Q perpendicular to their 
directions. "These intercepts are clearly all equal; hence the 
projections of any line on a series of parallel straight lines 
are all equal. And, since the projection of a straight line on 
an intersecting straight line is found by multiplying its 
length by the cosine of the angle between the lines, we have 
the following proposition :— 


The projection of a finite straight line on amy other 


straight line is equal to its length multiplied by the cosine of 
the angle between the lines. 


9. In the figure to Art. 2, let OQ =a, OR =b, OS=o. 
Then it is clear that «=a for all points on the plane 
PMQN, and that y — b for all points on the plane PNRL, 
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and that z=c for all points on the plane PLSM. Also 
along the line NP we have z — a, and y=b; and at the 
point P we have the three relations æ =a, y = b, z = c. 

, So that a plane is determined by one equation, a straight 
line by two equations, and a point by three equations. 

. n general, any single equation of the form F (a, y, z) = 0, 
mm which the variables are the co-ordinates of a point, 
Tepresents a surface of some kind ; two equations represent a 
Curve, and three equations represent one or more points. This 
We proceed to prove. 


10. Let two of the variables be absent, so that the 
equation of the surface is of the form F (z) 2 0. Then the 
equation is equivalent to (z — a) (x — b) (æ — c) .....=0, where 
a, b, c... are the roots of F'(z) 20; hence all the points 
Whose co-ordinates satisfy the equation Z'(z) 2 0 are on one 
or other of the planes z — a, —0, x —b 20, v —c— 0,..... 

. Let one of the variables be absent, so that the equation 
18 of the form Z'(z,y) —0. Let P be any point in the plane 
2=0 whose co-ordinates satisfy the equation F(a, y) — 0; 
then the co-ordinates of all points in the line through P 
Parallel to the axis of z, are the same as those of P, so far as 
® and y are concerned; it therefore follows that all such 
Points are on the surface. Hence the surface represented by 
e equation 7'(z,y) — 0 is traced out by a line which is 
always parallel to the axis of z, and which moves along the 
curve in the plane z — 0 defined by the equation F(x, y) = 0. 
uch a surface is called a cylindrical surface, or cylinder. 
ext let the equation of the surface be F (x, y, z) = 0. 
iiS have seen that all points for which =a, and y= b 
th 9n a straight line parallel to the axis of z. Hence, if in 
© equation F (æ, y, z) — 0, we put «=a, and y — b, the roots 
th the resulting equation in z will give the points in which 
Š fe loons is met by a line through (a, b, 0) parallel to the axis 


Since the number of roots is finite, the straight line will 
meet the locus in a finite number of points, and therefore the 
ocus, which is the assemblage of all such points for different 


Values of a and b, must be a surface and not a solid figure, 
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11. The points whose co-ordinates satisfy two equations 
must be on both the surfaces which those equations represent 
and therefore the locus is the curve determined by the intersec- 
tion of the two surfaces. When three equations are given, we 
have sufficient equations to find the co-ordinates, although there 
may be more than one set of values, so that three equations 
represent one or more points. 

12. The position of a point in space can be defined by 
other methods besides the one described in Art. 1. 

Another method is the following: an origin O is taken, a 
fixed line OZ through O, and a fixed plane XOZ. The 
position of a point P is completely determined when its 
distance from the fixed point O, the angle ZO P, and the angle 
between the planes XOZ, and POZ are given. These co- 
ordinates are called Polar Co-ordinates, and are usually de- 
noted by the symbols r, 0 and ¢, and the point is called the 
point (r, 6, $). 

If OX be perpendicular to OZ, and O Y be perpendicular 
to the plane Ox. we can express the rectangular co-ordinates 
of P in terms of its polar co-ordinates, 


Draw PN perpendicular to the plane XOY, and NM 
perpendicular to OX, and join ON. Then 


«= OM = ON cos $ = OP sin 6 cos $ =r sin 0 cos $, 
y— MN — ON sin $= OP sin 6 sin 6 =r sin sin $, 
and z= NP — OP cos 8 =r cos 6. 


We can also express the polar co-ordinates of any point in 
terms of the rectangular. The values are, 


r7 (tye), O= tan EE, and p= tan? Y b 
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Tug PLANE. 
18. To shew that the surface represented by the general 
equation of the first degree is a plane. 
The most general equation of the first degree is 
Ac + By+Cz+D=0. 


If (a, Yy 2,) and (£, Ya z,) be any two points on the locus, 
we have 


Aa, + By, + Cz, 4- D — 0, 
and Aa, + By, + 2, - D — 0. 


Multiply these in order by —™s . and ——— and add; 


m, +m,’ m, 4- m, 
then we have 
A m, gnum BM, Prt ms o ug emm =O, 
m, +m, m, +m, m +m, 


This shews [Art. 4] that if the points (@,, y, 2,), (ay Yy 2,) be 

9n the locus, any other point in the line joining them is also 

on the locus; this shews that the locus satisfes Euclid's 
efinition of a plane. 


l4. To find the equation of a plane. 


, Let p be the length of the perpendicular ON from the 
origin on the plane, and let J, m, n be the direction-cosines of 
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the perpendicular. Let P be any point on the plane, and draw 
PL perpendicular on XOY, and LM perpendicular to OX. 


Then the projection of OP on ON is equal to the sum 
of the projections of OM, ML and LP on ON. 
. Hence if P be (a, y, z), we have 
^ lz 4 my nz 9 p.e (i), 
the required equation. 

By comparing the general equation of the first degree 
with (i), we see that the direction-cosines of the normal to the 
plane given by the general equation of the first degree are 
proportional to A, B, C; and therefore [Art, 6] are equal to 

A B V OIN. 
(A+ B+ 0%)? Jum Pu 0) (AP + D GY)" 
Also the perpendicular from the origin on the plane is 
equal to — 
V(A* + B+ 0n: 
15. To find where the plane whose equation is 
Ac 4- By+ Cz 4- D — 0, 
meets the axis of z we must put y=z=0; hence if the 
intercept on the axis of z be a, we have a+ D — 0. 

Similarly if the intercepts on the other axes are b and ¢ 
we have Bb+D=0, and 0c+D=0, Hence the equation 
of the plane is 


E 
Rite 


This equation can easily be obtained independently, 
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16. To find the equation of the plane through three given 
points. 
Let the three points be (£, y, 2,), (2, yy 2)» (Zy yy %)s 
The general equation of a plane is 
Az + By 4 Cz 4- D — 0. 
If the three given points are on this plane, we have 
Aa, + By, + Cz, - D — 0, 
Aa, + By, + Cz, - D — 0, 
and Aa, + By, + Cz, 4- D — 0. 
Eliminating 4, B, C, D from these four equations, we 
have for the required equation 
Ux a sus L| 0, 
e 2 Y , 4, , H 
v, Ye Zs l 
Tzs Yar Zas 1 
17. If S=0 and S'=0 be the equations of two planes, 
S— 8’ =0 will be the general equation of a plane through 
their intersection. F or, since S and S' are both of tho first 
degree, so also is S —AS'; and hence S — AS' 20 represents 
a plane, The plane passes through all points common to 
70 and S'— 0; for if the co-ordinates of any point satisfy 
=0 and S' — 0, those co-ordinates will also satisfy S = XS". 
ence, since X is arbitrary, S—AS'— 0 is the general 
equation of a plane through the intersection of the given 
planes, 
18. To find the conditions that three planes may have a 
Common line of intersection. 
Let the equations of the planes be 
az 4 by + cz + d 50 see s (i), 
a/z 4 Vy t cz d =D s sees (ii), 
and az 4- b^y 4- cz 4 d" —0 (iii). 
The equation of any plane through the line of intersection 
9f (i) and (ii) is of the form 
(aa + by + cz +d) - X (aa 4- b'y + c'z t d^) =0...(iy). 
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If the three planes have a common line of intersection, we 
can, by properly choosing A, make (iv) represent the same 
plane as (ii). Hence corresponding coeficients must be 
proportional, so that 

a+ra’_b+AB'_c+rc’_d+rd’ 
a’ 8 b" mm c" d" 
Put each fraction equal to — p, then we have 
a+ra' + pa” — 0, 
b+ + wb” =0, 
c+ro’ + uc" =0, 
and d+nrd' + ud" — 0. 


Eliminating X and u we have the required conditions, 
namely 


Glo 510% d 

ls d. vd. 
a’, BY, d d" 
the notation indicating that each of the four determinants, ob- 
tained by omitting one of the vertical columns, is zero,* 


=0, 


19. We can shew, exactly as in Conics, Art. 26, that if 
Az + By + Cz -- D — 0 be the equation of a plane, and wy, 2 
be the co-ordinates of any point, then Aa’ + By' + Cz 4- D 
will be positive for all points on one side of the plane, and 
negative for all points on the other sido. 


20. To find the perpendicular distance of a given point 
from a given plane. 
Let the equation of the given plane be 
læ + my +NZ=P ....... EAS (1), 


and let a, y’, z' be the co-ordinates of the given point P. The 
equation 


| : let my +nz=p' se Senis (ii) 
is the equation of a plane parallel to the given plane. 


It will pass through the point (a, y^, 2) if 
) la! -my' +nz! ES cess evt ev T tas (iii). 
* It is easy to shew that there are only two independent conditions, ns iS 


geometrically obvious, for if the planes have two points in common they 
must have a common line of intersection, 
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Now if PL be the perpendicular from P on the plane (i), 
and ON, OW’ the perpendiculars from the origin on the planes 
(i) and (ii) respectively, then will 

` . LP-NN' 


=a’ + ng +nz'—p. 

Hence the length of the perpendicular from any point on 
the plane lz 4- my 4- nz — p = 0 is obtained by substituting the 
Co-ordinates of the point in the expression la + my 4- nz — p. 

If the equation of the plane be As + By + Cz - D — 0, it 
may be written 

A B [^] 3 
Vae t a0 t a 0 
ni 
J(QI +B) C 
which is of the same form as (i); therefore the length of the 
perpendicular from (2^, y', 2’) on the plane is 
Ax + By' + C2'+D 
Wat BO’ 


Ex. 1. Find the equation of the plano through (2, 8, — 1) parallel to the 
plano 3z — 4y 4.72 —0. Ans, 8z—4y 724-13 —0. 
Ex. 2, Find the equation of the plane through the origin and through 
the intersection of the two planes õ5z— 3y +22+5=0 and 3z — 5y - 22-7 —0. 
Ans. 25x- 23y +2z=0. 
Ex. 3. Shew that tho three planes 2x+5y+3z=0, z-y+4z=2, and 
Ty —52+4=0 intersect in a straight line. 
Ex. 4. Shew that the four planes2z —3y +2z=0, x+y- 32—4,9z - y 4 2-2, 
and 7z —5y 4. 6z—1 meet in a point. 
Ex.5. Show that the four points (0, —1, — 1) (4, 5, 1), (8, 9, 4) and 
(-4, 4, 4) lie on a plane. 
., Ex. 6. Are the points (4, 1, 2) and (2, 3, — 1) on the same or on opposite 
Sides of the plane 5z — Ty —6z+3=0? 
Ex.7. Shew that the two points (1, — 1, 3) and (3, 8, 3) are equidistant 
from the plane 5z+2y—7z+9=0, and on opposite sides of it. 
Ex. 8. Find the equations of the planes which bisect the angles between 
the planes 4z+ By +Cz+D=0, and A'z+B'y +0'z+D'=0. 
Ax+Byt+Cz+D , A'z+B'y+0'z+D 
Ans, Var BHO) == V(42+B?+ 0%), [M 
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Ex. 9. The locus of a point, whose distances from two given planes are 
in a constant ratio, is a plane. 


Ex.10. The locus of a point, which moves so that the sum cf its distances 
from any number of fixed planes is constant, is a plane. 


21. The co-ordinates of any point on the line of intersection 
of two planes will satisfy the equation of each of the planes. 
Hence any two equations of the first degree represent a 
straight line. We can find the equations of a straight line in 
their simplest form in the following manner, 


Z 


f P 

Let PQ be the straight line, pg its projection on the plane 
XOY by lines parallel to OZ. ‘Then the co-ordinates œ and y 
of any point in PQ are the same as the co-ordinates a and y 
of its projection in pg. 

Hence if lz my —1 be the equation of pq, the co-ordi- 
nates of any point on PQ will satisfy the equation 

lz + my =1. 
Similarly, if the equation of the projection of PQ on the 
lane YOZ be ny +pz=1, the co-ordinates of any point on 

will satisfy the equation ny+pz=1. Hence the equations 

of the line may be written 
le+my=1, ny+pz=1. 

It should be noticed that the equations of a straight line 

contain four independent constants, 


The above equations are unsymmetrical and are not 80 


petal as another form of the equations which we proceed to 
nd, 
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22. Let (a, B, y) be any point A on a straight line, and 

(æ, y, 2) any other point P on the line, at a distance x from 
(a, B, y); and let J, m, n be the direction-cosines of the line, 


Z 


Draw through A and P planes parallel to the co-ordinate 
planes so as to make a parallelopiped, and let AZ, LM, MP 
be edges of this parallelopiped parallel to the axes of «x, y, z 
respectively, Then AL is the projection of AP on the axis 
ow; therefore 


vc—a 
@—a=lr, or ——-r, 


i 
We have similarl y 


Hence the equations of the line are 


ua ny pecu 
Ui m n 3 
Ex. 1, To find in a symmetrical form tho equations of tho lino of inter- 
fection of the planos 57 iym 1, 8y- 62-2. 
Tho equationg may be written zi -f-*1i. Henco the direction. 
anes Are proportional to 4, 5, 3. The actual values of the direction- 
Sines are therefore 2/2, 4/2, 3v2. 
Ex, 2. Find in i ion of the line z-2y=5 
NO a symmetrical form the equation o ini y 
bet y io. S Ans, à(z-5)- ys 16, 
Ex. 3, 


3. Find the direction-cosines of the line whose equations (are 


od LE X RAO ear 
V7 111-0, 4z y - 9:420. Ans. DM' id’ V 

(2, X. 4. Write down the equation of the straight line through the point 

©? 3, 4) which is equally inclined to the axes. Ans, z-92-y-3-z-4, 
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23. To find the equations of a straight line through two 
given points. 


Let the co-ordinates of the two given points AB be 
Zo Yp 2, and Ty, Yp 2,; and let the co-ordinates of any point P 
on the line AB bez, y, z. Then the ratio of the projections 
of APand AB on any axis is equal to AP: AB. Hence 
the equations of the line are 


O= 8 YAIR. 
mie gy. 2,2; 


24. To find the angle between two straight lines whose 
direction-cosines are given. 


Let l, m, n and U, m’, »' be the direction-cosines of the 
two lines, and let @ be the angle between them. 


Let PQ be any two points on the first line, 


Draw planes through P, Q parallel to the co-ordinate 
planes, and let PL, LM, MQ be edges of the parallelopiped 
so formed. Then the projection of PQ on the second line is 


equal to the sum of the projections of PL, LM, and MQ on 
that line, 


Hence PQcos6 — PL.U K LM. m + MQ.w. 
But PLUPO; LM-.m.PQ and MQ=n. PQ; 
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therefore cos 8 — ll + mm’ + nn’. 
If the lines are at right angles we have 
W + mm’ + nn’ = 0. 
If L, M, N are proportional to the direction-cosines of a 
line, the actual direction-cosines will be 
L M NV 
v (CM +)? J+ dP tn)’ J+ IPs: 
Hence the angle between two lines whose direction-cosines 
are proportional to L, M, N and L’, M', N respectively is 
LL + MM +NN 
y (L - M* +N’) J (LPM 4 NT)* 
Uhe condition of perpendicularity is as before 
LL + MM' + NN'=0. 


“1 


cos 


x Z 


z PPE: : 3 
andy = i "i"? at right angles. 


Ex. 1. Show that the lines joke T 


Ex, 2. Shew that the lino 4r=3y= -z is perpendicular to the line 
Aes —4z, 


z 
Ex.8, Find the angle between the lines 1"1-5 and DUE: 


Ans, cos js. 
Ex.4, Shew that tho lines 8r+2y+2-5=0=x+y-2z-3, and 


ye NS Ans. 60°, 

4'4' CN 
Ex.6. Shew that the straight lines whose direction-cosines are given by 

the equations 2l42m—n=0, and mn+nl+lm=0 are at right angles. 

" Eliminating l, we have 2mn-(m+n)(2m—n)=0, or 2m*—mn - n3—0. 
ence, if the direction-cosines of the two lines be 4, m, m and la, ma, ng, we 
lavo “aa _ -}. Similarly hh. -}. Hence the condition ll, mjm, 

A Mn, 

+7n,=0 is satisfied, 3 
Ex. 7. Find the angle between the two lines whose dircction-cosines are 


Given by the equations [4+m+n=0, U-+m?—n?=0. Ans. 60°, 
Ex. 8, Find the equations of the straight lines which bisect the angles 
between the lines7=4 =7, and Z=% = Ša 
m n’ Tm R 


th Let P, Q be two points, one on each line, such that OP=0Q=r. Then 
a Teo ordinates of P are lr, mr, nr, and of Q are l'r, m'r, n'r; hence the co- 
Tdinates of the middle point of PQ are 3 (L-- U) r, & m m) r, 4(n+n/)r. Since 


S. S. G. 2 
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the middle point is on the bisector, the required equations are 
GEEN Similarly tho equations of the bisector of the 
DU mèm nen. 


z y z 
supplementary angle are aise ib 
25. By the preceding Article 
cos 0 — W +mm' +nn'; : 

therefore sin? @=1 — (ll +mm' -- nn y j 

— (D m? n) (l m? +n") A 

~- (W + mm + nw) ; 

therefore sin 0 =y { (mn — m'ny + (nl! — n'l} + (Im^ — Um). 


26. To find the angle between two planes whose equations 
are given. 


The angle between two planes is clearly equal to the 
angle between two lines perpendicular to them. Now we 


have seen [Art. 14] that the direction-cosines of the normal 
to the plane 


Az By+ Cz 4- D — 0, 
are proportional to A, B, C. Hence by Article 24 the angle 
between the planes whose equations are 
Az 4- By 4 Oz +D=0, 
A'a + D'y4- O'z + D'- 0, 
i beet N AA’ + BB' + 0C fs 
VEBE Oy ABF 0% 
Ex.1. Find the equation of the 
2r+3y+4z=5, and perpendicular to t| 


lane containing the line z +y 4 zb 
e plane z- y--—0. 

* : Ans. z- 24270. 
.Ex.2. At what angle do the planes z-- y z—4, z-2y -z—4 cut? Is n 
origin in the acute angle or in the obtuse? Is the point (1,-3, 1) in th 
acute angle or in the obtuse? Ans. cos-13,/2, acute, obtuse. 

Ex. 3, Find the equation of the plane through (1, 4, 3) perpendicular 

to the line of intersection of the planes 8z + 4y + Tenia anda— yt 224+3= A 
also of the plane through (3, 1, — 1) perpendicular to the line of intersectio 

of the planes $z4y-z-0, 5z —3y 4-2:—0. 0. 

Ans. lózy-'7:49—0. Ans. z4lly14z-O 


Ex.4. Shew that the line Z= V. zia parallel to the plane 
Li » 


lz+my knzep-0if Nmu +n = 0, the axes being rectangular or oblique. 
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97. To find the perpendicular distunce of a given point 
from a given straight line. 
Let the equations of the line be 


Ta 

Let ( f, g,h) be the given point P, and let PQ be the per- 
Pendicular from 7? on the line. 

Let A be the point (a, B, y), and draw through A and P 
Planes parallel to the co-ordinate planes so as to form a 
parallelopiped of which AL, LM, MP are edges parallel to 
the axes, 

. Then AQ is the projection of AP on the given line, and 

is equal to the sum of the projections of AL, LM, aud MP; 

therefore — AQ =(f—a)+(g—8) m+ (h —3)n- 

Hence P@=AP -AQ 

=(f- a} + (g — BY + h- 9) 

— (L(f—a)4 m (g — B) +n(h—y)}. 
98. To find the condition that two lines may intersect. 
Let the equations of the lines be 

SEC ES OST z—a y—-B' _z-7 
lp om. qs te [2 m w 

Tf the lines intersect they will lie on a plane; and, since 

the plane passes through (2, A, y), we may take for its 


equation 
Aw a) +u Y- B) FY (E29) = 0. (i). 
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The point (a’, 6’, y’) is on the plane, hence we have 
Al — a) + a (B' — B) +v (y — y) = 0..........(ii). 
Also, since the normal to the plane is perpendicular to 
both lines, we have 
WI. - EMT FA 9 O aas. o eere eee ene (iii), 
and AU 4 pm! + vn' = Osses. scere (1v); 
Eliminating A, p, v from the equations (ii), (iii) and (iv) 
we liave the required condition, namely 
a’ —a, B'- B, -y |=0. 
Us m iSi n 
Im mnm: 
If this condition be satisfied, by eliminating A, u, v from 


(i), (iv), (iii), we find for the equation of the plane through the 
straight lines 


Lem o n. 

If the equations of the lines be a, + by +0,2 +d, =0, 
a + by +og+d,=0, and aw + by + c+ d, — 0, a+ by 
+ cz +- d, = 0, the condition of intersection of the lines is the 
condition that the four planes may have a common point, 
which is found at once by eliminating z, y, z. 


29. To find the shortest distance between two straight 
lines whose equations are given. 


Let AKB and CLD be the given straight lines, and let 
KL be a line which is perpendicular to both. Then KZ is 
the shortest distance between the given lines, for it is the 
projection of the line joining any other two points on the 
given lines‘, : ; 

Let the equations of the given lines be 

SES Tl poo and zoa yeso sid 
i m n l m n 

1 We can find KL by the following construction : -draw 47 h 4 

parallel to CD; let AP be perpendicular to the plane EAB, Rs the 


plane PAB cut CD in L; then if LK be drawn parallel to PA it will be the 
line required. 
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Let the equations of the line on which the shortest 
distance lies be 


X s v 


z—-a y—-B s—y use): 


Since the line (i) meets the given lines, we have [Art. 28] 


ca, B—b yo |: Osten D) 
Ü, m, n 
xe Wu. 5 
and a—a, B-V, y—c |-0......... (iii). 
Ü, m, ww 
`, Po 


Since (i) is perpendicular to the given lines, we have 
Al or um vn =0, 

and AU + pm’ + vn' =0; 

X a Hu = v 
mn —mn nini lm —Um* 

Hence, from (ii) and (iii), we see that (a, £, y), which is 
i arbitrary point on the shortest distance, is on the two 
planes 


therefore 


“—a, y—b, z—c =0, 
15 m, n 
mn! — ovn, nl — n'l, ln! — Um 
and PONES 


a—a, y—b, s—c 
; i 


, 
Ls m, n 
mn'— m'n, nl — n'l, ln! —Um 


These planes therefore intersect in the line on which the 
shortest distance lies. 

We can find the length of the shortest distance from the 
fact that it is the projection of the line joining the points 
(a, b, c) and (a’, b', c’). Now the projection of tLis line on the 
ine whose direction-cosines are A, p, v is 


(a — à) X - (b — 0) p+(c-c)y. 
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But as above 
X WEM P " 
mn —mn nni lm —Um) 
therefore each fraction is equal to 
1 
V (mn! = m'y + (al — n D + (Im - my 
Hence the length of the shortest distance is 
(a. — a^) (mn' — m'n) + (b — (nl —n'D) + (c— c(lm' — Um) 1 

v (mn! — mn + (nl wy + (lm — l'my'] 


Ex. 1. Find the perpendicular distance of an angular point of a cube 


from a diagonal which does not pass through that angular point. 


2 

Ans, a NS 
Ex. 2. How far is the Point (4, 1, 1) from the line of intersection of 
z+y+z=4, T—-2y-2=4? 


Ans. 


iv 
Ex. 8. Shew that the two lines fa 1r dj - nas, áz-ll—4y- E 
meet in a point, and that the equation of the plane on which they lie 
2z—6y 824-14 0. 


Ex. 4. Find the equation of the plane through the point. (œ, B', y), and 
through the line whose equations are =—* V - B sit 


m 


zr-a,y-B,z—vy 
a-a, B' =p, Y-Y 
Lo om. » 0 
8 between the diagonal of a rectangular 
edges which it does not meet are 
be ca ab 
yte)’ vitre) Jn 
where a, b, c are the lengths of the edges, 
Ex.6. Find the shortest distance between the straight lines 
1(-1)-1(y-2)22-8, and y —mz—z-—0. 


Ans, 0, 


Ex. 5. The shortest distance; 
parallelopiped and the 


5m —-10 : 
N (9m? — 16m 4-17) 
length of the shortest distance between the lines 
dz = By= -z and 3(z-1)— —y_9— ~424+2. Find the equations of the 
straight line of which the shortest distance forms a part, Ans. ys 
30. If through an 


number of point: ; P, Q, R... lines be 
drawn either all thro bone Ee al 


‘ ] gh a fixed Point, or all parallel to à 
fixed line; and if these lines cut a fixed plane t the points 


Ans. 
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P', Q', R'...; then P', Q’, R... are called the projections of 

P, Q, R... on the plane. If the lines PP’, QQ, RR’... are 

all perpendicular to the fixed plane, the projection is said to 
e orthogonal. 

The orthogonal projection of a limited straight line on a 
plane is the line joining the projections of its extremities. 
it is easily seen that the projection of a line on a plane 
1s equal to its length multiplied by the cosine of the angle 
between the line and the plane. 


31. The orthogonal projection of any plane area on 
any other plane is found by multiplying the area by the 
Cosine of the angle between the planes. 


Divide the given area into a very great number of 
Tectangles by two sets of lines parallel and perpendicular to 
the line of intersection of the given plane and the plane of 
Projection. Then, those lines which are parallel to the line 
of intersection are unaltered by projection, and those which 
are perpendicular are diminished in the ratio 1 : cos 0, where 

18 the angle between the planes. Hence every rectangle, 
and therefore the sum of any number of rectangles, is 
Mminished by projection in the ratio of 1:cos@. But, 
When each of the rectangles is made indefinitely small, their 
Sum is equa] to the given area. Hence any area is diminished 
Y Projection in the ratio 1 : cos 6. 


32. If we have more than one plane area, we must 
make some convention as to the sign of the projection, 
and we have the following definition: the algebraic pro- 
Jection of any face of a polyhedron on a fixed plane is 
found by multiplying its area by the cosine of the angle 

tween the normal to the fixed plane and the normal 
to the face, the normals to the faces being all drawn outwards 
or all drawn inwards, 

33. Let A be the area of any plane surface; l, m, n the 


direction-cosines of the normal to the plane; 4,, A,, A, the 
Projections of A on the co-ordinate planes. Then we have 


A,=1.A, Aj=m.A, Aj=n.A. 
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Hence, since F+m+n?=1, 
we have AZ A AP - A’ i 
Also the projection of A on any other plane, the direction- 
cosines of whose normals are I’, m', n’, is Acos6; and we 
have 

A cos 0 = (Il --mm' - nw) A 

=A +w A, + "A. 

Hence to find the projection of any plane arca, or of the 
sum of any plane areas, on any given planc, we may first 
find the projections A,, A,, A, on the co-ordinate planes, 


and then take the sum of the projections of A. A,, A, on 
the given plane. 


34. To find the volume of a tetrahedron in terms of the 
co-ordinates of its angular points. 


Let the co-ordinates of the angular points of the tetra- 
hedron ABCD be (z, y, 2); (v, y, 2), (Ey You Zq), and (Ty Yp Zi) 
The volume of a tetrahedron is one-third the area of the base 
multiplied by the height. Now the equation of the face BCD is 

feed \=0. 
Das Yar 25 1 
vy, V 255 1 | 
| Bo Yar 2,1 
The perpendicular p from A on this is found by sub- 


stituting the co-ordinates of 4 and dividing by the square 
root of the sum of 


the squares of the coefficients of 2, y» 
and z, 


Now the coefficients of V, y, z are 


Yor £45 H 5 >) 295 2,5 Jik Bas Yos 1 

Jo Z, l Ta Z,, 1 ee 

Yr £o 1| a, Zp 1 T5 Yq, 1 
respectivel 


tively; and these coefficients are respectively equal 
to twice the area of the projection of BCD on the planes 
og 0, y=0 and z=0, Hence the square root of the sum 
of the squares of the coefficients of æ, y and z is, by the 
Preceding Article, equal to 2A BCD, 


TWO STRAIGHT LINES, 25 


Therefore 2p. ABCD =| c, Y» Z» 1 


Ts Yrs 233 H 
i| 
, Yas fab 

Tas Yas Zas 1 


therefore volume of tetrahedron 


=h 25 yon 
Tas Yar Za» l 
Ty, Yo 25, 1 
Egs Yar 25 l 


35. The equations of two straight lines can be found in a 
very simple form by a proper choice of axes. 


b Let O be the middle point of CO’, the shortest distance 
etween the two straight lines CD, C'D'. Through O draw 
TA OB parallel to CD, C'D', and let OX, OY bisect 
the angle AOB. Take OX, OY, OC for axes of co-ordinates ; 
en, if AOB be 2a, the equations of OA, OB are y=% tan a 
7 — 0, and y=~etana,z=0. 
Hence the equations of the parallel lines CD, O'D' are 
V —ztana, z— 0; and y — — stan a, Z= — c. 
MA hen it is not of importance that the axes should be 
d B ngular, we may take OA, OB, OC for axes: the equa- 
s of CD, C'D' will then be y =0, z=c; and 2-0, z— — c. 
5 » CC’ may be any straight line which intersects CD and 
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36. Four given planes which have a common line of 
intersection cut any straight line in a range of constunt cross 
ratio. P 

Let any two lines meet the planes in the points 
P, Q, R, S and P', Q, IV, S' respectively. Let 0, O' be 
any two points on the line of intersection of the given planes, 
and let the line of intersection of the two planes OPQRS, 
O'P'Q'R'S' meet the four given planes in P", Q”, E", S" respec- 
tively. Then, from the pencil whose vertex is O, we have 
(P QRS} — (P"Q" R"S"]; and, from the pencil whose vertex is 0, 
we have(P"Q" R"S"]-|P" Q R'S'}. Hence (PQRS|-(P'Q'R' S, 


which proves the proposition. 


37. Der. Two systems of planes, each of which has 
a common line of intersection, are said to be homographic 
when every four constituents of the one, and the correspond- 
ing four constituents of the other, have equal cross ratios. 

An equivalent definition [see Conics, Art. 323] is the 
following :—two Systems of planes, each of which has a 
common line of intersection, are said to be homographic 
which are so connected that to each plane of the one system 
corresponds one plane, and only one, of the other, 


OBLIQUE AXES. 


38. Some of the preceding investigations apply equally 
whether the axes are rectangular or oblique. ‘These may be 


easily recognised. We proceed to consider some cases in 
which the formula 


) e for oblique and rectangular axes are 
different, 


39. Let P, Q be two points on a straight line, and 
through P, Q draw planes parallel to the co-ordinate planes 
80 as to form a parallelopiped, and let PL, LK, KQ be 
edges parallel to the axes. Then the ratios of PL, LK, KQ 
to PQ are called the direction-ratios of the line PQ. It is 


clear that the direction of a line is determined by its 
direction-ratios, 1 
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40. To find the angles a line makes with the axes of 
Co-ordinates, in terms of its direction-ratios. 


Let à, u, v be the angles YOZ, ZOX, XOY respectively. 
Let J, m, n be the direction-ratios of the line PQ, and let 
% B, y be the angles it makes with the axes. Let PL, LK, 
KQ be parallel to the axes so that PL = l. PQ, LK = m. PQ, 
KQ=n.PQ, as in Art. 39. Then, since the projection of 
a oe the axis of æ is equal to the projection of PLKQ, 

ave 


PQ cosa = PL + LK cosy + KR cos p; 


therefore cos a =} + m cos v +n cos p. 
Similarly cos 8 = l cos v +m 4- n cos X, 
and 


cosy = l cos p +m cos X +n. 


toe To find the relation between the direction-ratios of a 
Project PL, LK, KQ on PQ, then we have 
PL cosa + LK cos 8 + KQ cos y= PQ; 
therefore from Art. 40, 
l 
C m cos v +n cos u) +m (Lcos v +m +n cos X) 
+n (Lcos p.-- m cos X +n) =1 
+ 2mn cos X + 2nl cos u + 2lmcos v — 1...(i), 
required relation. 


or Pim n? 
Which is the 
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Let the co-ordinates of the points P, Q be 
Vy Jy 2, and Vy Yor Zy 

Then 1.PQ=PL=2,—-2, m.PQ-LK- y,— yv 
and n.PQ- KQ-z—z,. 

Hence from (i) we have 
PR = (2, UE ay (y, x y) T (2, zi zn +2 (y, = y) (2,—2,)cos ` 
+2 (2, — 2) (2, — 2,) cos u + 2 (x, — a) (Ya — 3.) COS v...... (ii), 
which gives the distance between two points in terms of their 
oblique co-ordinates, 


42. To find the angle between two lines whose direction- 
ratios are given. 


Let l, m, n and l, m, n’ be the direction-ratios of the 
lines PQ and P’Q’, and let 0 be the angle between them. 
Let PL, LK, KQ be parallel to the axes, so that 
PL=1.PQ, LK=m. PQ, and KQ=n.PQ. 
Project PQ and PLKQ on the line P'Q'; then 
PQ cos 0 =} PQ. cosa’ *mPQ.cos 8' +n PQ. cosy, 


where a’, 8’, y' are the angles the line P'Q' makes with the 
axes, Hence, from Art, 40, we have 


cosO=1 (U +m cos v +n’ cos y) 

+m (l' cosv+m +n cos X) 

+n (V cos p +m cosr + n) 
=U Emm Eas + (mn! + m'n) cos X + (nU + n'l) cos y 
+ (lm + Um) cos v. 


a tetrahedron in terms of three 
d of the angles they make with 


43. To find the volume of 
edges which meet in a point an 
one another, é 


2 duke 2 cod along the three edges, and let a, b, c 
* 11e lengths of the edges, d A, u,v th ke 
with one another. Thes Rae ney un 


Volume = 4 abe sin v cos 0 
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where @ is the angle betwe 
plane XO Y. 


Let the direction-ratios of the normal to the lane XOF 
be lļ m,n. Then from Art. 40 we have P 


l +m cos v 4-n cos y = 0, 
lcosv+m +n cosà = 0, 
leos y+ m cos X 4- n — cos 0. 
Multiply by J, m, n and add, then, from (i) Art 41, 
n cos 0— 1. 


en OZ and the normal to the 


The elimination of J, m, n from the above equations gives 
di, cosy, cosp, 0 |=0; 
cosy, 1, cosa, 0 
cos, COSA, l, cos? 
0, 0, cord, 2 
therefore sin’ v cos! 0 2| 1, cos», cos 7 
cosy, l, cosa 
cosu, cosrA, 1 


= 1 — cos?’ X — cos" u — cos? v + 2 cos X cos p cos v. 
Hence the volume required 
= d abc y (1 —cos* X — cos? u — cos" v + 2 cos X cos p cos v). 


"TRANSFORMATION OF CO-ORDINATES. 


44. To change the origin of co-ordinates without changing 
the direction of the axes. 


Let f, g, À be the co-ordinates of the new origin referred 
to the original axes, Let P be any point whose co-ordinates 
referred to the original axes are z, y, z, and referred to the 
new axes a’, y', z’. Let PL be parallel to the axis of æ and 
let it meet YOZ in L, and Y'OZ in L’, 
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Then LP=2, ['P=2' ; 
therefore z—a —LLI/ =f. 
Similarly y-y =9, 
and 2—zz-h. 


Hence, if in the equation of any surface we write z- f, 
y tg, z+h for z, y, z respectively, we obtain the equation 
referred to the point ( f, g, h) as origin, 


45. To change the direction of the axes without changing 
the origin, both systems being rectangular. 


Let l, m, n,; ly m, n,; and L, M, n, be the direction- 
cosines of the new axes referred to the old. 


Let P be any point whose co-ordinates in the two systems 
are æ, y, z and z^, y, z'. 


Draw PL perpendicular to the plane X' OY’ and LM per- 
pendicular to OX’; then OM =x, ML=y', and LP-z. 


Since the projection of OP on OX is equal to the sum of 

the projections of OM, ML and LP, we have 
e=Lat+hy +l z. 

Similarly 


and e +m, y +m, 2’, 


z=n t +n y + n,Z. 
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These are the formulae required. 
Since L, m,,n,; 1, m, n,; and ly m, n, are direction-cosines, 
we have 
I? + m, us nj- 1 l 
l +m +ne=1 z 
lf+mZ+n,?=1 J 
Also, since OX’, OY’, OZ' are two and two at right 
angles, we have 
Ll 3 mym, + nn, — 0, 
Ll + mam, + nn, — 0, 
and Ll, + mm, + n,n, =0 
The six relations between the nine direction-cosines which 
we have found above are equivalent to the following : 
Ü +127 +12 = | 
m, +m, + n=], 
n, +n, +n,’ =1, 
m,n, + m,n, + m,n, = 0, 
nl, nd, +n =0, 
im, + lm, + lm, =0, 
This follows at once from the fact that Beets ths 


"s Uh, M; and m, m, n, are the direction-cosines of 
OX, OY, OZ referred to the rectangular axes OX’, OY', OZ’. 


16. Since 
ll, + mm, + nn, — 0, 
and Ul, + mam, 4 nn, = 0, 
We have 
4, Eu vs rtu oM 
mn, — M,N, n, i3 nj, lm, re lm, 
Hence each fraction is equal to 


M V +m! +n) ae thaws 
Kran, — ma + Gal, — rl) + Gam, hm} (Art 22] 
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Also fy ms om 
i, Tw, m, 
lh, m, LA 


=L (mn, — maj) +m, (nl, n) + n (lm, — 1,m,) 
—i( m rap-i1l 


47. Ifin Art. 45 the new axes are oblique we still have 
the relations 


a= dla + ly + le’, 
y=m + my’ mg, 
zane Ray +ngz', 


We can deduce the values of 2', y’, 2 in terms of x, yz: 


the results are 
$ 
c, 4, tle 

Th, M, m, 
Th, TJ, m 


and two similar equations. 


48. The degree of an equation is unaltered by any trans- 
Sormation of axes. 


From the preceding Articles we sce that, however the 
axes may be changed, the new equation is obtained by sub- 
stituting for æ, Y, 2 expressions of the form læ my nz +p. 

hese expressions are of the first degree, and therefore if 
they replace a, y, and z in the equation, the degree of the 
equation will not be raised. Neither can the degree of the 
equation be lowered ; for, if it were, by returning to the 


original axes, and therefore to the original equation, the 
degree would be raised. 


49. We shall con 


clude this chapter by the solution of 
Some examples, 


(1). A line of constant length has its extremities on two fized straight lines; 
theo that the locus of its middle point is an ellipse, 3 i 
; RU take the axes of co-ordinates as in Art. 35, the equations of the un 
y-mz, z=c; and y= —mz,z=-c. Let the co-ordinates of ti! 
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extremities of the line in any one of its possible positions be a, y, z and 
ie Ym Za; and let (x, y, 2) be the co-ordinates of the middle point oi the lino. 
Then, if 3I be the length of the line, we have 


Al? = (n Ea)? (Yy — Y)? (2 7 2. 
But, since Y=mx, and z, —c, and y,— = mr, 


=c, we have 


1 2y 
mp mm gtd 
Vy —Yo=m (2, +T) = 2r, 


2c, and 222 z, +2, 


, 


0. 
Hence the locus of the middle point is the ellipse whose equations are 


2 
2=0, B2 P pma ct, 
m= 

(2) A line moves so as always to intersect three given straight lines, 
which are not all parallel to the same plane; find the equation of the 
Surface generated by the straight line. 

Draw through each of the lines planes parallel to the other two; a 
Parallelopiped is thus formed of which the given lines are edges. Take the 
Centre of the parallelopiped for origin, and axes parallel to the edges, then 

© equations of the given lines are y=), z= —c; 2=c,7=-a; and z=a, 
y--b respectively. 
Let the equations of the moving line be 
z-a y-B z-y 
: 1 m ^oc 
Since this meets each of the given lines we have 
tps m cor AN E aOR s andes. zb 
m n n D 
Hence, by multiplying correspondi bers of the tl ti 
ponding members of the three equations, wo 
E that (a, By B REDI EAS point on the moving line, is on the surface 
Whose equation is 
(a-z) (b — y) (c—2) + (a +z) (b +y) (c+2)=0, 
C WF 27429 1.1.0, 
bc D ca * ab s 
t (3) The lines of intersection of corresponding planes of two homographic 
Vstems describe a surface of the second degree. 
lines p38 take y —mz, z=c¢, and y 5 —mz, z= —c for the equations of the 
ies of intersection of the two systems of planes [see Art. 35.] 

Let the equations of corresponding planes of the two systems be 
y -mz-A^(z-c)-0, 
ymr-4YN(z4c0)-0. 

Since the Systems are homographie there is one value of X for every value of 


À, and ono value of À fi value of X; hence A, X must be con 
R nected b; 
à relation of the Tara tind aA j i Pu 


and 


AN + AME BN +C=0. 
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Substitute for À and X, and we have 
y>- mz? A (zc) (y- mz) - B (z- e) (y mz) + € (2 — c2) - 0. 


Hence the line of intersection of corresponding planes describes a surface of 
the second degree, 


ExawPLES on CrarrEn IT, 


l. IrP bea fixed point on a straight line through the origin 
equally inclined to the three axes of co-ordinates, any plane 


through P will intercept lengths on the co-ordinate axes the sum of 
whose reciprocals is constaut, 


2. Shew that the six planes, 


each passing through one edge 
of a tetrahedron and bisecting the 


opposite edge, meet in a point. 

3. Through the middle point of ev 
a plane is drawn perpendicular to the 
the six planes so drawn will meet in 
centroid of the tetrahedron is midw. 
of the circumscribing sphere, 


ery edge of a tetrahedron 
Opposite edge; shew that 

a point such that the 
ay between it and the centre 


4, The equation of the plane through j- ye , and which 
m "n 
i ondicul : aining Z-Y? EJy/ 9. 
1s perpendicular to tho plane containing — = ay and A D 
is z(m-n)+y(n-l)+z(l-m)=0. 
5. Shew that the straight lines 
Eus w oy A mot a 
a B y'aa CB ^e cy Ml ean RS 


will lie in one plane, if 
i m n 
-(b-6)+5(c-a)+? -0)-0. 
s 0-95 6-2) (a-t) 


6. Two systems of rectangular a; 


) Xes have the samo origin; if 
a plane cut them at distances a, b, c, 


then and a, b’, c' froin the origin, 
à Le SD OT 
‘ P$'pta-ntnta 
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7. Determine the locus of a point which moves so as always 
to be equally distant from two given straight lines. 


8. Through two straight lines given in space two planes are 
drawn at right angles to one another; find the locus of their line 
of intersection. 

9. A line of constant length has its extremities on two given 
straight lines; find the equation of the surface generated by it, 
and shew that any point in the line describes an ellipse. 


10. Shew that the two straight lines represented by the 
equations az + by - cz — 0. yz+ zx +wy=0 will be perpendicular if 
rude 
soe 
1I. Find the plane on which the arca of the projection of the 
hexagon, formed by six edges of a cube which do not meet a given 
diagonal, is a maximum, 
12. Prove that the four planes 
my+nz=0, nz+le=0, la+my=0, lc my t nz-p, 
949 


form a tetrahedron whose volume is Li à 
3inn 


13. Find the surface generated by a straight line which is 
parallel to a fixed plane and meets two given straight lines, 


14. A straight line meets two given straight lines and makes 
the same angle with both of them; find the surface which it 
generates, 

15. Any two finite straight lincs are divided in the same 
ratio by a straight line; find the equation of the surface which it 
generates, 

16. A straight line always parallel to the plane of yz passes 
through the curves a?+y%=a’, z=0, and a’=uz, y=0; prove 
that the equation of the surface generated is 

arty? = (a? — az)’ (a° — x°). 

l7. Three straight lines mutually at right angles meet in a 
Point P, and two of them intersect the axes of æ and y respec- 
tively, while the third passes through a fixed point (0, 0, c) on the 
axis ofz. Shew that the equation of the locus of P is 

a! +y? +2? = 2cz, 
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18. Find the surface generated by a straight line which meets 
yHmx, z—0; y=—ma, z=—c; and y’ +z =, z- 0. 

19. P, P are points on two fixed non-intersecting straight 
lines AB, A’B such that the rectangle AP, A'7" is constant. Find 
the surface generated by the line Z7", 

20. Find the condition that 

aa? + by? + cz! + 9a^yz + bze + 2c'xy=0 


may represent a pair of planes; and supposing it satisfied, if @ be 
tho angle between the planes, prove that 


IJa” +b” +e- bc—-ca—a 
tan ĝ0= v! $ S b 
a+b+e 


21. Find the volume of the t 


etrahedron formed by planes 
whose equations are y - z—0, z+% 


=0,2+y=0, and zy 2-1. 


22. Find the volume of a tetrahedron, having given the 
equations of its plane faces, 


23. Shew that the sum of the projections of the faces of a 
closed polyhedron on any plane is zero. 


24. Find the co-ordinates of the centre of the sphere in- 
scribed in the tetraliedron formed by the planes whose equations 
are z=0, y=0, 2-0 andg+y+2=1, 


25. Find the co-ordinates of the centre 
scribed in the tetrahedron formec 
arey+2=0,2+a¢=0, x+ 


of the sphere in- 
l by the planes whose equations 
y =0, and v+ y +z =a. 


CHAPTER III, 
SURFACES OF THE SECOND DEGREE. 


50. The most general equation of the second degree, viz. 
aa? + by? + cz! + 2fyz + 2gam + Ahay +Qua+Qvy +2wz+d=0, 
contains ten constants. But, since we may multiply or divide 
the equation by any constant quantity without altering the 
relation between a, y, and z which it indicates, there are 
really only nine constants which are fixed for any particular 
surface, viz. the nine ratios of the ten constants a, b, c, &c. to 
one another. A surface of the second degree can therefore 
be made to satisfy nine conditions and no more. The nine 
conditions which a surface of the second degree can satisfy 
must be such that each gives rise to one relation among the 
constants, as, for instance, the condition of passing through a 
given point. Such conditions as give two or more relations 
between the constants must be reckoned as two or more of 
the nine. 

We shall throughout the present chapter assume that the 
equation of the sccond degree is of the above form, unless it 
is otherwise expressed. The left-hand side of the equation 
will be sometimes denoted by F(a, y, 2). 


51. To find the points where a given straight line cuts 
te surface represented by the general equation of the second 
egree. 
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Let the equations of the straight line be 


To find the points common to this line and the surface, 
we have the equation 
a (x lr) - b (8 4- mr)" 4- c (y - nr - 2f (B 4- mr)(y n7) 
2g Qr nr) (a+ lr) + 9h (a + lr)(8 4 mr) + 2u (a + lr) 
t 2v (8 -- mr) 3 2w (y nr) 4- d — 0, 
JA dF, dF, dF 
T' (ak bm?-- cnt4- 9 fmn 4 2gnl4- 2m) +r{t 2: +miengn} 
HAREN |= 01e eve (i). 


Since this is a quadratic equation, any straight line meets 
the surface in two points, 


Hence all straight lines which lie in any particular plane 


meet the surface in two points. So that, all plane sections of 
a surface of the second degree are conics, 


In what follows surfaces of the second degree will 
generally be called conicoids, 

52. To find the eq 
pont of a conicoid. 


If (a, B, y) be a point on F(a, y, z)=0, one root of 
the equation found in the preceding Article will be zero.: 
be zero if J, m, n satisfy the relation 
TN NT 


uation of the tangent plane at any 


dia dan reo Uere ior (1). 
The line Zt- soy will in that case be a 
m n 


tangent line to the surface, the point of contact being (a, 8, y) 
f we eliminate l, m, n between the equations of the line, 


and the equation (i), we see that all the tangent lines lie in 
the plane whose equation is 


dF dF fs 
C- q; 0-875 «6-957 -0..i) 
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This plane is called the tangent plane at the point (a, B, y). 


If we write the equation (ii) in full, we obtain 
z (ax 4- AB -- gy +u) 4 y (ha+bB+fy+v)+2(g2+fB+oy+w) 
— aa! + LB? + oy + 2f + 2gy2+ 9a B + ux -- vB + wy. 
Add uz+v8 +wy+d to both sides, then the right side 
becomes /'(a, 8, y), which is zero; we therefore have for tlie 

equation of the tangent plane at (a, £, y) 
z (aa -- A +gy 4- u) - 3 (hx d- b fy -v) oz (gx 4- f8 4 ey 4- w) 
4r ua 4- vB J- wy 4- d — 0... (iii). 

Ex.1l. Find the equation of the tangent plane at the point (z’, y’, z) on 


the surface az? by? cz! - d — 0. Ans. ax/z 4- by'y -- cz'z cd — 0, 
Ex. 2. Find the equation of tho tangent plane at the point (z', y', 2’) on 
the surface ax? + by? + 2z=0. Ans, az'x+by'y+z+27=0, 


53. The condition that the tangent plane at (z, B, y) 
may pass through a particular point (z^, y', z^) is 
& (az 4- B + goy- pu) y (xb 4- fy 4- v) +z (ga - f/8 ey 3 w) 
+uz+uB+wy+d=0. 
This condition is equivalent to 
a (aa! thy +ge'+u)+ (ha +by' +f? 4-9) +y (ga f - ez +w) 
Tr ua! + vy! 4. wz' d — 0. 
From the last equation we see that all the points, the 
langent planes at which pass through the particular point 
(2^, y', 2), lie on a plane, namely on the plane whose equation 
is 
& (aa! + hy’ o gz' +u) +y (hz + by +f2' +) 
rz (ga! +fy' +ez + w) + ua! vy! + wz' d — 0. 
This plane is called the polar plane of the point (z, y’, 2’). 
The polar plane of any point P cuts the surface in a conic, 
and the EG joining P to any point on this conic is a tangent 
line. The assemblage of such lines forms a cone, which is 
called the tangent cone from P to the conicoid. _ 
The equation of the polar plane of the origin, found by 
putting a’ = y' —z' = 0 in the above, is 
uc J- vy +wz+d=0. 


40 THE POLAR PLANE. 


54. The condition that the polar plane of (a, y', 2’) may 
pass through (a, B, y) is as above 
a (aa! + hy + gz +u) +B (af + by - fz +2) 

t y (gz +fy' t oz + w) + ua! + vy’ + wz 4d —0. 

This equation is unaltered if we interchange « and a’, 
B and y’, and y and 2’; it therefore follows that if the polar 
plane of any point P with respect to a conicoid pass through 
a point Q, then will the polar plane of Q pass through P. 

55. Let Z be any point on the line of intersection of the 
polar planes of P, Q. 

Then, since R is on the polar plane of P and also on the 
polar plane of Q, the polar plane of R will pass through P 
and through Q, and therefore through the line PQ. Similarly 
the polar plane of S, any other point on the line of inter- 
section, will pass through the line PQ. 

Two lines which are such that the polar plane with 
respect to a conicoid of any point on the one passes through 
the other, are called polar lines, or conjugate lines, 


56. If any chord of a conicoid be drawn through a point 
O it will be cut harmonically by the surface and the polar 
plane of O. 
Take the point O for origin, and let the surface be given 
by the general equation of the second degree, 
Let the equations of any line, which cuts the surface in 
P, Q and the polar plane of O in R, be 
a M y w z = 
T m mos 
To find the points where the line cuts the surface we have, 
as in Art. 51, the quadratic equation 
7" (al + bm? + en? + 2fmn + 2gnl + 2hlm) 
+ 2r (ul + vm + wn) + d — 0 
Hence OPT GOA ye em un) 


The equation of the polar plane of O is 
uz + vy 43 wz-- d- 0. 


I] CONDITION OF TANGENCY, 41 


Hence oi -— 1 (ul - vm + wn); 
therefore E t aU e me 
OP'OQ OR?’ 


| which proves the proposition. 
57. To find the condition that a given plane may touch 
a conicoid. 
Let the equation of the given plane be 
la my ANZ AP =O 222529. (i). 
The tangent plane at (2’, y, z’) is 
(az! + hy! + gz -- u) -- y (ha + by -- fz +v) 


+2 (gu! +fy +e? +w) d ua! d vy dr wz 4 d — 0......(ii). 
i If the planes represented by (i) and (ii) are the same we 
lave 


ax + hy' +92 +u_ hæ +by'+f2' +u_ga'tfy +e +w 
l pa mo pi 


n 
_ wm vy wz-4d 


Put each fraction equal to — X; then we have 
aa +hy +g2+u+r1 =0, 
ha + by + fz +v+r%4m=0, 
ge +fy +cez’+wt+rn=0, 
ux 4 vy +w2'+d+rAp = 0. 
Also, since (a, y', 2’) is on the given plane, 
la' + my nz +p=0. 
Eliminating 2’, y', 2’, à, we obtain the required condition, 
namely 
a, h, g, u, l =0. 
h, by fs wa m 
go fo 00 aU, h 
4,59, 9, d, p 
bong ngo, 0 


42 TANGENT PLANE, 


The determinant when expanded is 
AP + Bm? + Cr’ + Dp +2 Fmn +2 Gal +2 Mim 
+2 Ulp +2Vmp +2Wnp =0, 


where 4, D, C, &c. are the co-factors of a, b, c, &c. in the 
deterrninant 


a, À, J, uj., 
Wb, fi v 
9, f, ¢, w 


U, v, w, d ) 
We will give special investigations in the two following 
cases which are of great importance: 


I. Let the equation of the surface be 
ax’ + by’ +cz*+d — 0, 
The tangent plane at any point (^, y, z’) is 
ao'z + by'y +cz/z+d=0, 
Hence, comparing this equation with the giv 
la +my +nz+p=0, n 
T - ty = - - e Each fraction is equal to 
A (az + by’? + cz'2 +. d) 
v e ip. +4) 
hence, since aa^ + by? + cz? d —. 0, 
the required condition of tangency is 
2 Li 2 
P. E 4 > +2 =0. 
IL Let the equation of the surface be 
az’ + by + 2z=0. 
The tangent plane at any point (2’, y’, z^) is 
ax'z t by'y+z2+z7 =0, 
ting this equation with the g 
la+my +nz+p=0, 


en equation 


Hence, compa: iven equation 


CENTRE OF A PLANE SECTION. 43 


we have @ 0/1. 2. Each fraction is equal to 
ti mnp 
J (az? + by? + 22') » 
Doom 4 
JG 25 9n + 2np) 
hence, since az” + Dy? +227 =0, 
the required condition of tangency is 
h + m? 4-9np 20 
atg t9p-0. 


. 58. If we find, as in Article 51, the quadratic equation 
giving the segments of a chord through (4, £, y) the roots of 
the equation will be equal and opposite, if 

dr Q 3 
t + mint ngs Ojssecccsccseont(1)p 
Tn this case (z, B, y) will be the middle point of the chord, 
ence an infinite number of chords of the conicoid have the 
point (a, 8, y) for their middle point. 
If we eliminate 7, m, n between the equations of the 
Chord and (i), we sce that all such chords are in the plane 
Whose equation is 


(@—a) Sr +(y-2) Sa + (2-9) d. =0 aue: 


Hence (a, 8, y) is the centre of the conic in which (ii) meets 
the surface. 

This result should be compared with that obtained in 
Art, 52, 


Ex.1. The locus of the centre of all plane sections of a conicoid which 
pass through a fixed point is a conicoid. 
: : aF aF aF 
The equation of the locus is (f-2) dit U- y +(h-2) JE —0, where 
J, 9, h are the co-ordinates of the fixed point. 


Ex. 2. The locus of the centre of parallel sections of a conicoid ia a 
&lraight line. 


44 DIAMETRAL PLANES. 


The section whose centre is (a, B, y) is parallel to the given plane 


=0if 

anmam dF dF aF 
da dB dy 
Cami mages 


Hence the locus is the straight line whose equations are 
ldF_ldF lap 


Tho straight lines clearly all pass through the point of intersection of the 
lan Du EE 
Bp dy dz 


59. To find the locus of the middle points of a system of 
parallel chords of a conicoid. 


As in the preceding Article, (a, 2, y) will be the middle 
point of the chord whose direction-cosines are l, m, n, if 
erp Ch 
dz dp dy ^ 
Hence the locus of the middle points of all chords whose 
direction-cosines are l, m, nis the plane whose equation is 


dr di dp 
js tg, tege 


Def. The locus of the middle points of a system of parallel 
chords of a conicoid is called the diametral plane. 

If the plane be perpendicular to the chords it bisects, it is 
called a principal plane, 


60. To find the equations of the principal planes of a 
conicoid, 
The diame 


tral plane of the chords whose direction-cosines 
are l, m, n is 


pu +m dr n oe 
or, writing the equation in full, 
Llas + hy +gz+u) +m (has + by + fz +0) 
+n (ga + fy + cz +w) =0, 
& (aL lm +gn) +y (M4. bg + fn) +2 (gl+ fm + cn) 
ul vm d wn — 0. 


or 


PRINCIPAL PLANES. 45 


If this plane be perpendicular to the chords it bisects, 
we kave 
althm+gn_hit+bm+fn_gl+fmten 
l 7 m B n ^ 


Put à for the common value of these fractions, then 


(a —3)1 hm 4 gn =0, 
A T (b—X)m fn = oh. --(i) 
gl +fm +(e—A)n=0. 
Eliminating l, m, n we have 
a=), h, g = 0, 
h b-n f 


9 JA ox 
Or A- (ub E c) N + (bcc ca 4c ab — f£? — g* — 1) X 
— (abc + 2fgh — af? — by? — ci^) = 0. 

This is a cubic equation for determining A; and when 2 is 
determined, any two of the three equations (i) will give the 
corresponding values of l, m, n. 

Since one root of a cubic is always real, it follows that 
there is always one principal plane. 


Find the principal planes of the following surfaces: 
(i) 22+y?- 29+ 2yz +2- 2ry =a, 
(ü) 1lz?+10y7+0z? - 8yz+drz-12ry=1. 
Ans. (i) z+y+z=0,x%x-y=0, z4y-9:—0. 
Ans. (ii) z+2y+2z=0, 2z4-y - 22-0, 2z-2y +2=0, 


61. All parallel plane sections of a conicoid are similar 
and similarly situated conics. 


Change the axes of co-ordinates in sucl a way that the 
pane of ay may be one of the system of parallel planes ; and 
et the equation of the surface be the general equati 
second degree. - EU 

Let the equation of any one of the planes be z=], 


all points of the section of the surface F (e, y, At 


2) — 0, by the 
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plane z=% both these relations are satisfied; we therefore 
have 


aa? + by? + ok? + 2fyl + 2gkz + Lhay + Quan + Quy 
t 2uk + d= lasis (i). 

Now the equation (i) represents a cylinder whose gene- 
rating lines are parallel to the axis of z, and which is cut by 
the plane z=0 in the curve represented by (i). - 

Since parallel sections of a cylinder are similar and simi- 
larly situated curves, the section of the surface F (a, y, z)=0 
by z= k is similar to the conic represented by (i) and z— 0; 
and all such conics, for different values of k, are clearly 
similar and similarly situated: this proves the proposition. 


CLASSIFICATION OF Conicoins, 


62. We proceed to find the nature of the different 
surfaces whose equations are of the second degree ; and we will 
first shew that we can always change the directions of the 
axes of co-ordinates in such a way that the coefficients of yz, 
za, and xy in the transformed equation are all zero, 


63. We have seen [Art, 60] that there is at least one 


diametral plane which is perpendicular to the chords it 
bisects, 


Take this 
ordinates, 

The degree of the equation of the surface will not be altered 
by the transformation ; hence the equation will be of the form 
(2 + by? c + 9fyz + 2gen Play + Que + 2vy + 2wz+d=0. 

By supposition the plane z = 0 bisects all chords parallel 
to the axis of z; therefore if (z', y’, Z) be any point on the 


Surface, the point (æ, y,—z) will also be on th 
t nA Says e surface. 
From this we sce at once that f=g = w = 0), 


Now turn the axes through an angle } tan 25 , then 
ae 


[See Conics, Art, 167] the term involving zy will dis 


plane for the plane z=0 in a new system of co- 


appear. 
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Hence we have reduced the equation to a form in which the 
terms yz, zz, and ay are all absent. 


64. When the terms yz, zx, xy are all absent from the 
equation of a conicoid, it follows from Art. 60 that the co-ordi- 
hate planes are all parallel to principal planes. Hence by 
the preceding article, there are! always three principal 
planes, which are two and two at right angles. This shews 
that all the roots of the cubic equation found in Art. 60 are real. 

For an algebraical proof of this important theorem see 
Todhunter's Theory of Equations. 


65. We have seen that the general equation of the second 
degree can in all cases be reduced to the form 


Az + By + Cz -2Uc 4 2Vy - 2Wz 4 D —0. 
L Let 4, D, C be all finite. 
We can then write the equation 
Uv V\* Wy? 
A (e+ 3) 2(v* 5) * o (5*7) 
Us Veal V2 ' 
= ST T JA T TiS D=D 
Hence, by a change of origin, we have 
Aa? + By Cz =D. 
If D' be not zero we have 


PM CS APTUS 
DT pedi 
ZEND S) 
Which we can write in the form 
a 2 d 
z + A 20 2 ire NEL (a), 
" Soy s 
aU ml SS ERZPENSUN ere. (8), 
or soy ER = 1 


48 CLASSIFICATION OF CONICOIDS. 
according as A A z are all positive, two positive and 


one negative, or one positive and two negative. [If all three 
ure negative the surface is clearly imaginary, ] 
If D' be zero, we have 


Agi Dy + Oz? — O sesen (8). 


IL Let C, any one of the three coefficients A, B, C, be 
zero, 


Write the equation in the form 
Uy? AV > UP a 
4 (25) MICE +212+D—-7 ——.=0; 


B 
then, if W be not zero, the equation can, bya change of origin, 
be reduced to 


Aa? + BP + 2TFz 2 0 LLL (9 
If TV be zero, we have the form 
4a! By E DE NA a ir (6), 
or, if D' be zero, the form 
"ES ts Saree (7). 


IIL Let D, C, two of the three coefficients, be zero, 
We then have 


2 2 
A (+5) +20 y+ 22+ D-T ao, 
P 4: 


2 
Now take 2Vy+2Wz+ p-D =0 for the plane y=0, and 


the equation reduces to the form 


gp rM Seed C. 
If however V= W= 0, the equation is equivalent to 
S NE S. (4. 


66. We now proceed to consi 
Surfaces whose equations are (2), (8) 
forms we have seen that the general 


der the nature of the 
» (0); to one of which 
equation is reducible. 


THE ELLIPSOID. 49 


The surface whose equation is 
qu E Be 
eph 
is called an ellipsoid. 
Let a, b, c be in descending order of magnitude; then 
(æ, y, z) being any point on the surface, we have 


a 


ai 


z 


y 
+4451 


2 2 
and SIT 


[2 
So that no point on the surface is at a distance from the 
origin greater than a, or less than c. The surface is therefore 
limited in every direction ; and, since all plane sections of a 
conicoid are conics, it follows that all plane sections of an 


ellipsoid are ellipses. 
The surface is clearly symmetrical about each of the co- 


ordinate planes. 
If r be the length of a semi-diameter whose dircction- 


cosines are J, m, n, we have the relation 


IE TEC 


If two of the coefficients are equal, b and c suppose, 
the section by the plane z —0, and therefore [Art. 61] 
by any plane parallel to z—0, is a circle. Ilence the 
surface is that formed by the revolution of the ellipse 


2 2 
E 35 ^ 1 about the axis of a. 


The surface formed by the revolution of an ellipse about 
alled a prolate spheroid ; that formed by 


its major axis is C ) eroi 
ut the minor axis is called an oblate 


the revolution abo 
spheroid. 
Ifa=b=c the equation of the surface is a’ +y? + <' =a". 


which from Art. 5 represents à sphere. 


S. S. G. 


3 


50 THE HYPERBOLOID OF ONE SHEET, 


67. The surface whose equation is 


sy s 


;-1 


O ANC SS 


is called an hyperboloid 
The intercepts on th 


of one sheet. 
c axes of z and y are real, and those 


on the axis of z are imaginary. 
The surface is clearly symmetrical about each of the co- 


ordinate planes. 


The sections by the planes æ= 0 and y= 0 are hyperbolas, 
and that by z=0 is an ellipse. 


The section by z=k is also an ellipse, the projection of 
a a 


which on z=0 is an 


k " 
^ =1 ur and the section becomes 


greater and greater as & becomes greater and greater, 


If a=b, the section 
v z-Üisacirde He 


of the surface by any plane parallel 


nce the surface is that formed by the 


TILE HYPERBOLOID OF TWO SHEETS. 51 


d 
revolution of the hyperbola S- Z- 1 about its conjugate 


axis. 
The figure shows the nature of the surface, 


68, The surface whose equation is 
a Jon 
d uml 


T T 
is called an hyperboloid of two sheets. 

The intercepts on the axis of z are real, those on the other 
two axes are imaginary. j 

The sections by the planes y =0 and z=0 are hyper- 
bolas. 

The section by the plane z —0 is imaginary. The parallel 
plane «=k does not meet the surface in real points unless 
4? >a. Ifk?><a’ the section is an ellipse the axes of which 
become greater and greater as k becomes greater and greater. 
The surface therefore consists of two detached portions as in 


the figure. 


If b=c, the section by any plane parallel to 2— 0 is 
acircle, Hence the surface is that formed by the revolution 


of the hyperbola - - Y = 1 about its transverse axis. 
a 
69. The surface whose equation is Aa? + By! + Cz*=0 is 
a cone. 


52 THE CONE, 


A cone is a surface generated by straight lines which 
always pass through a fixed point, and which obey some other 
raw. The lines are called generating lines, and the fixed 
point through which they pass is called the vertex of the 
cone. 

If the vertex of a cone be taken as origin, the equation 
of the surface is homogeneous, This follows at once from the 
consideration that if (z, y, z) be any point P on the surface, 
any other point (kw, ky, kz) on the line OP is also on the 
surface. 

Conversely any homogeneous equation represents a cone 
whose vertex is the origin of co-ordinates, For, if the values 
, y, 2, satisfy a homogeneous equation, so also will kæ, ky, 
kz, whatever the value of % may be. Hence the line through 


the origin and any point on the surface lies wholly on the 
surface, 


The general equation of a cone of 


à the second degree, or 
quadrie cone, refe 


rred to its vertex as origin is therefore 
az? by! + 02" + 9fyz + 2gzz + Qhay = 0, 


70. If r be the length of the semi-diameter of the 
surface ax’ + by’ + cz' — 1, we have the relation 


E =a? + bm? + e, 
Hence the direction-cosines of the lines Which meet the 
surface at an infinite distance satisfy the relation 
a? + bm? + cn? = Q, 
Such lines are therefore generating 
az? + by? 4- cz*=0, 
This cone is called the asymptotic cone of the surfaco, 


lines of the cone 


: 7Tl. The equation Aa? + B --2Wz—0 is equivalent to 
Tp 2s ODE 


DES 2z, according as the signs of A and B 
are alike or different, 


* 
THE PARABOLOID. 58 


The surface whose equation is 
a 
i 


is called an elliptic paraboloid. 

The sections by the planes z—0 and y — 0 are parabolas 
having a common axis, and whose concavities are in the same 
direction. 

The section by any plane parallel to z — 0 is an ellipse if 
the plane be on the positive side of z — 0, and is imaginary if 
the plane be on the negative side of z—0. Hence the 
surface is entirely on the positive side of the plane 2 — 0, and 
extends to an infinite distance. 

The surface whose equation is 


+i =22, 


is called an hyperbolic paraboloid. 


The sections by the planes z — 0 and y=0 are parabolas 
which have a common axis, and whose concavities are in 


opposite directions. 


The surface is on both sides of the plane z—0, and 
extends to an infinite distance in both directions. 


54 THE PARABOLOID. 


The section by the plane z—0 is the two straight lines 
given by the equation T =% = 0. The section by any plane 


parallel to z=0 is an hyperbola: on one side of the plane 
2=0 the real axis of the hyperbola is parallel to the axis of 


æ, and on the other side the real axis is parallel to the 
axis of y. 


The figure shews the nature of the surface, 


72. It is important to notice that the elliptic paraboloid 
is a limiting form of the ellipsoid, or of the hyperboloid of 
two sheets; and that the hyperbolic paraboloid is a limiting 
form of the hyperboloid of one sheet. 


This can be shewn in the following manner. 
The equation of the ellipsoid referred to (— a, 0, 0) as 
eA 


s 2 
origin is Z+ rE = =0. Now suppose that a, b, c all 


SM E Ounce : : 
become infinite, while u’ a "main finite and equal respec- 


LI 
tively to 7 and /'; then, in the limit, we have % 


which is the equation of an elliptic paraboloid, 
The other cases can be proved in a similar manner, 


z" 2 
ax M I4, 


73. The equation Aa? + By*-- D —0 represents a cylinder 
[Art. 10], being a hyperbolic cylinder if 4 and B have dif- 
ferent signs, and an elliptic cylinder if 4 and B have the same 
sign. If the signs of A, D, D are all the same the surface is 
imaginary. 

The equation Aa By! — 0 represents two intersecting 
planes, which are imaginary or real according as the signs of 
A and B are alike or different. 

The equation 2? = 2ky represents a c 
curve 1s a parabola, and which is called 

The equation 2? = 
t=tWk, 


ylinder whose guiding 
a parabolic cylinder. 
k represents the two parallel planes 


EXAMPLES, 55 


Ex. 1. The sum of the squares of the reciprocals of any three diameters 


of an ellipsoid which are mutually at right angles is constant, 
If r, be the semi-diameter whose direction-cosines are (h, m, m) we 


1 2 
m + > , and similarly for the other diameters. By addition 
T T TE CIT 


——t5ztu 
Temas tutores 


have == 
ri? 


we have 1 + 
nin 

Ex, 2, If three fixed points of a straight line are on given planes which 
are at right angles to one another, shew that any other point in the line 


describes an ellipsoid. k 
Let 4, B, C be the points which are on the co-ordinate planes, and 


P (z, y, z) be any other fixed point whose distances from A, B, C are a, b, c. 
"Then zl vom, and can, where J, m, n are the direction cosines of the 


line, Hence the equation of the locus is Sens EA 
, q attal 


Ex. 3. Find the equation of the cone whose vertex is at the centre of an 
ellipsoid and which passes through all the points of intersection of the 
ellipsoid and a given plane. 

Li 2 

Let the equations of the ellipsoid and of the plane be FI h T aT and 
le+my+nz=1, We have only to make the equation of the ellipsoid 
homogeneous by means of the equation of the plane: the result is 

2 y! ori 
at + a= (letmy + nz)? 

For this equation being homogeneous represents a cone whose vertex is 
at the origin; and it is clear that the plane cuts the cone and the ellipsoid in 
thé same points. 

Ex.4. Find the general equation of a cone of the second degree referred 


to three of its generators as axes of co-ordinates, : LA 
The general equation of a quadric cone whose centre is at the origin is 


ua? + by? +2" 9fyz 2922 + hey =0. 

If tho axis of z be a generating line, then. y=0, z—0 must satisfy the 
equation for all values of z; this gives a=0. Similarly, if the axes of y and z 
be generating lines, b=0 and c=0. Hence the most general form of the 
equation of a quadrie cone referred to three generators as axes 18 

fyz+gzz+ hry=0. 


Ex. 6. Find the equation of the cone whose vertex is at the centre of a 
given ellipsoid, and which goes through all points common to the ellipsoid 
and a concentric sphere. a 


If the equations of the ellipsoid and sphere 
134 ya zr? respectively; the equation of tlie cone will be 


» A 1 1Y. 
a(i- a TAG k 


zi 2 2 
be Sthtach and 


56 THE CENTRE. 
Ex. 6. Find the equation of the cone whose vertex is the point (a, B, y) 
zy ac EUH 
and whose generating lines pass through the conic at v=, £=0. 


z-a y-B i-y 
Let any generator be Miis uec ms 


i m 1 UNI NL 
z-a-. y, and y-B-- v Hence a (2-57) +i (8-3) zl, or 


a en-y 3 (n — me. Substitute for l, m, n from the equations of 


This meets z—0 where 


the line, and we have > (az- v (8z - yyY—(z— y)”, the required 
equation. 


74, Ifthe origin be the centre of the surface, it is the 
middle point of all chords passing through it; hence if 
(2,3, 2,) be any point on the surface, the point(— 2,, —,, — 4) 
will also be on the surface, 


Hence we have 


a2, + by? + cz? 9f). + 9gz m, + 2he,y, + Qum, + 2uy, 


+ 2wz, 4- d — 0, 
and az, by? + 022+ 2fy,2, + 292,0, + 2he,y, — ux, — Quy, 

—2wz,+d=0; 
therefore 


Un, + vy, + wz, — 0. 
Since this equation holds for all points (@,, Y» 2,) on the 
surface, we must have u, v, w all zero. 


Hence, when the origin is the centre of 


e a conicoid, the 
coefficients of æ, y and z are all zero, 


75. To find the co-ordinates of the centre of a conicoid. 


Let (E, n, £) be the centre of the surface; then if we take 
(E. m, £) for origin, the coefficients of t, y, and z in the trans- 


formed equation will all be zero. The transformed equation 
will be [Art. 44] 


ale +f) +b (y +a) cc (e+ 0+ f(y +n) (24. ¥) 
t 29 (2 $) (w+ E) 42h (w+ E) (y 2) -2u (w+ E) 4- 2v (y +7) 
* 2w (z - 0) d — 0. 


THE CENTRE. 57 


Hence the equations giving the centre are 
a£ -- hy 4 g£ + d 


LE d bg t f£ v—0, eer (i). 
and Et fy pees w=, | 
Therefore 
=n eS E 
IB ERE a, f, BIS u 
Dy Site od lise rr) NE RORI ET 
dig Og. DB Gh Og W lie J, w 
23 -1 
3 beatis p 
lbs UY if 
9, f; © 


The equation of the conicoid when referred to the centre 

(E, n, £) as origin is 
aa? + by" + cz + 2fyz 202 + Qhay + d' — 0...... (ii), 
where d'= F (£, m, $). 
Multiply equations (i) in order by £, 7, § and subtract the 
sum from F (£, n, ¢); then we have 
d' 2uE- vp t USt d.e CO ODODOR (ii). 
From (i) and (iii) we have 
a, h, Qs u =0; 


ite ye da. 
Gai OD 
u, v, w, d-d 
therefore d'| a, h, g a, h, g, Yipee dv). 
T DENT IBS dite 
J, Uo c J: p Coe 
vu, 9, w, d 
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The determinant on the right side of (iv) is called the 
discriminant of the function F(x, y, z), and is denoted by the 
symbol A. 

The determinant on the left si 


de is the discriminant of 
the terms in F(x, Y, 2) 


which are of the second degree ; it is 
the determinant A, and, as in Art, 57, 
we shall denote it by D. Equation (v) may therefore be 


76. The equations for finding the ceutre can also be 


obtained from Art, 58 (i); for (E, n, £) will be the middle 
point of every chord which passes through (£, n, £), pro- 
ided 


vide 
CHE MEC IMS 
db dy ap 
It should be noticed 
are given by the equation: 


LL UBER MN S 

U V WD? 
where U, V, W, D have the same meanings as in Art, 57. 
T7. Tf, by achan 


origin, 


that the co-ordinates of the centre 
s 


ge of rectangular axes through the same 
az* + by? + oot 4 yz + 2920 + 2hay 

becomes changed into 

da + by? etu 2f'yz + 9g'zz 4 Qh'ay ; 

Ca y! aris unaltered by the change of axcs, 


aa? + by? + cg 4 fyz + 2920 + Shay — X (Gr + 9? + 24)....(i) 
will be changed into 


da + ly? 


then, sinc 


TZ 2f yz + 9g'zz + 2I zy 
Ae yf AEA (ii). 


(i) and (ii) will therefore be the product 
the same values of A. 


The expressiong 
of linear factors for 
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The condition that (i) is the product of linear factors is 
[p (v x. P9 =0, 
h, b- f 
gu» Ji ;0—A i 
that is 
X! — A? (a - b 4- 0) - X (bc - ca c ab — f* — g — M) 
— (abe + 2fgh — af? — bg? — ch?) = 0. 
The condition that (ii) is the product of linear factors is 
similarly 
MN (a +) 4- c) 4- X H ca’ ca — f? — g7— 1") 
— (b'o + 2/'g' — af? — b'g? — e) = 0. 
Since the roots of the above cubic equations in X are the 
same, the coefficients must be equal. 


Hence the following expressions are unaltered by any 
change of rectangular axes through the same origin, and 
are therefore called invariants : 


[UR S VE TOEA DTO I, 
bc + ca - ab f — g* cael AE, 
abc + 2fgh—af? — bg —ch ...... III. 


Since the coefficients of the terms of the second degree 
are unaltered by a change of origin, the axes being parallel 
to their original directions, it follows that the expressions 
I, II, and III are unaltered by any change of rectangular 
axes, 

78. We have scen [Art. 63] that by a proper choice of 
rectangular axes as’ -+ by? + cz! + 2fyz + 2gzæ + 2hay can al- 
ways be reduced to the form az? + By’ * yz ; and this re- 
duction can be effected without changing the origin, for the 
terms of the second degree are not altered by transforming to 
any parallel axes. 

Now 2 y 2 is unaltered by a change of rectangular 
axes through the same origin. Hence, when the axes are so 


changed that 
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ax’ + by? + 627 + 2fyz + 2gzu + 2hay becomes az? + By? + y2°, 

ax’ + by? + 02" + 2fyz + 9gzz + Shay — X (a? + y +27) ...(i), 

will become 3 
ox + By? nz x (a* $y? H zt)... pravi): 


Both these expressions will therefore be the product of 
linear factors for the same values of X. The condition that 
(i) is the product of linear factors is 


GN tae Neo d ics (iii). 
h, b=, 0n 
Gs hk GOS 


But (ii) is the product: of linear factors when A is equal to 
a, B, or y. 


Hence the coefficients a, B, y are the three roots of the 
equation (iii). 


The equation when expanded is 
A —X (a b c) 4- X (ab 4- bo 4- ca -f-g-WM) 


— (abc + 9fgh — af? — bg’ — ch?) = 0. 
This equation is called the discriminating cubic. 
Tt should be noticed that the equation is the same as that 
found in Art. 60. 


19. "We proceed to shew how 
conicoid whose equation is given. 

First write down the equations for finding the centre of 
the conicoid ; and from Art. 7 


f 5 we see that there is a definite 
centre at a finite distance, unless the determinant 


to find the nature of a 


a h g |=D 
Lb, of 
$ fc 


is zero, 


CONICOIDS WITH GIVEN EQUATIONS. 61 


If D be not zero, change to parallel axes through the 

centre, and the equation becomes 
aa? + by? + cz! + 2fyz + 2gzu + 2hay + d' —0, 
where d’ is found as in Art. 75. 

Now, keeping the origin fixed, change the axes in such a 

manner that the equation is reduced to the form 

aa? + By? + yz? + d =0. 
Then, by Art. 78, a, B, y will be the three roots of the dis- 
criminating cubic. 

[When the discriminating cubic cannot be solved, since its 
roots are all real [Art. 64], the number of positive and of 
negative roots can be found by Descartes’ Rule of Signs.] 

Since Dd'- A, the last equation may be written in the 
form Dia? + DBy? + Dy? + A — 0. 


sey E JE um 
If the three quantities x 2a, i: are all negative, 


the surface is an ellipsoid ; if two of them are negative, the 
surface is an hyperboloid of one sheet ; if one is negative, the 
surface is an hyperboloid of two sheets; and if they are all 
positive, the surlace is an imaginary ellipsoid. 

If A =0, the surface is a cone. 


Ex, (i). 11z?-+10y?+ 62? - 8y2+4z2— 12ry 4- 72x — 72y + 362 +150 =0. 
ue ar n 
The equations for finding the centre are = = dy = 
llz- 6y+2z2+36=0, 
= Gr+10y-42-36=0, 
2r- dy +6z+18=0. 


Therefore the centre is (—2, 2, — 1). 4 
The equation referred M parallel axes through the centre will therefore bo 
11x? + 10y? + Gz? — Byz 42x — 12zy -12—0. [Art. 75 (iii).] 
TI iseriminating Cubic is A? — 27M 4- 180A — 324 = 0; the roots of which 
are Hei UAR tho equation represents the ellipsoid 3x? + 6y?+18:*=12, 


a yi e] 
sd PAR PIGE mes i 

We can find the equations of the axes by using the formulae found in 
f the axes are dà $ $i $ b -di 


Art. 60. The direction-cosines O 
-bb-k 
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Ex. (ii). 2?+2y?+3:?-422—4ry+d=0, 


iscriminati ic i = 1 the roots of tho 

Discriminating Cubic is X-6M-3A414—0. Al unm 

S EE Weser by Descartes’ Rule of Signs, there are two PORE 
roots and one negative root, The surface is therefore an hyperboloi: 


one sheet, an hyperboloid of two sheets, or a cone, according as d is 
negative, positive, or zero. 


80. Next suppose that D —0. Then the three planes 
[Art. 75 (1)] on which the centre lies will not intersect in a 
point at a finite distance from the origin, and we shall have 
three cases to consider according as the planes meet in a 
point at infinity, or have a common line of intersection, or 


are all parallel to one another. These three cases we shall 


consider in the following Articles. 


It should be observed that when D — 0 one root of the 
discriminating cubic is zero. 


81. The conditions that the planes whose equations are 
ax+hy+gz+u=0, 
ha + by + fz+0=0, 


and ge+ fy +cz+w=0, 
may be parallel are 
CT an ee 
LET V. 


These conditions may be written 


af=gh, bg Mf, cho. (i). 
Now these are the conditions that the terms of the second 
degree should be 


a perfect square ; and when this is the case 
it is obvious on inspection, 


When the terms of the 8 


econd degree are a porfect 
Square, the general equation ca; 


n be written in the form 
fo, (29, 2X 
Jgh (2*1) +2us + Quy + 2wz +d =0 


ana (ii). 
If the plane uz + vy + wz =0 is parallel to the plane 
PPI NE 
par " +7=0, 
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the equation (ii) will represent two parallel planes: the con- 
ditions for this are 


Uf = vg — wh .. eee (iii). 
If the conditions (iii) are not satisfied, the equation (ii) is of 
the form Ay’ +Be=0, 


which represents a parabolic cylinder whose generating lines 
are parallel to y=0, z= 0. 

Hence the general equation of the second degree repre- 
sents a parabolic cylinder whose generating lines are parallel 
to the line 

ONIS ENSE e 

fg Ty 0, uc+vy+wz=0, 
provided the conditions (i) are satisfied, and that (iii) are not 
satisfied. 

The latus-rectum of the principal parabolic section can be 
found by the same method as that employed in Conics, 


Art. 172. 


Ex. Find the nature of the conicoid whose equation is 
dai y! 4i dys + Bex c Sry +22- Ay +5z+1=0. 


‘The equation is 
(2x — yt 22] 22 - 4y + 52+ 120. 


This is equivalent to 
(22-9 22 


The planes 2z - y 2244-0, and 
z(4&-2)-y 93-4) +2 (44-5) - 14.0, 
Hence the equation of the surface may be 


yos (44-2) -y (21-4) +2 (0-9) - LEV 


will be perpendicular, if A=1. 
(22-92: 1)22z-2y - 5, 


written 
2r-y+2z+1 a 2r+2?y-z 
or (= bmp s 


nd 2z4.2y -z—0 as the planes y=0 


Hence, taking 2z— +2z+1=0, & 
TA n of the surface will be 


and z=0 respectively, the equation o! 


1 
a= 
y=? 


T — cel 
Hence the latus-rectum of a principal parabolio section is 5. 
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82. Next suppose that the three planes ou which the 


centre lies are not all parallel, but that they have a common 
line of intersection, 


If we take any point on the line of centres for origin, the 
equation will take the form 
aa? + by? + cz! + 2fyz + 2920 + hey + d' — 0. 
Then, keeping the origin fixed, by transformation of axes 
the equation will be reduced to the form 
aa? + By? +d!’ = Diesre ssel N 
One root of the discriminating cubic is zero, since D=0; 
and the roots a, 8, 0 are given by the equation 
v=» (a-F bo) A (bc ca ab — ff gpi =0, 
If d'— 0, the surface represented by the equation (i) is 
two planes, real or imaginary, 
If d' be not zero, the surface is a cylinder, 
The conditions that the three planes 
ac 4 hy 4- gz 4- u — 0, 
ha -- by + fe+v — 0, 
ge t fy +cz +w=0, 
may have a common line of intersection, are given by 


9, h, g, uw || 0, [Art. 18] 
Wa ds PEE 
97 Wf. "0. sU 
that is, U-y-W-pc-o. 
Ex. Find the nature of the conicoid whose equation is 


322? 49244221622 — Sry + 96x — 20y — 8z + 103=0. 
The equations giving the centre are 


3927— 4) - 824.48—0, 
-4t+ y — -10-0, 
and - 8r +42- 4-0. 
Hence there is a line of centres. Find one point on the line, for example 

(0, 10, 1), and change the origin to 


the point (0, 10, 1): the equation will 
then become 825 e ye - 1622 Bry, 
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The Discriminating Cubic is \3-37\?+84A=0. One root is zero, and the 
other two roots are positive; hence the equation is an elliptic cylinder. 
The axis of the cylinder is the line of centres; and its equations are 
z y-10 z-1 
lud x72 
83. If the planes on which the centre lies meet at a point 
at infinity, we proceed as follows. 
Since one root of the discriminating cubic is zero, the 
equation can always be solved: let the roots be a, £, 0. 
Find the directions of the principal axes of the surface, 
by means of the equations of Art. 60; and take axes parallel 
to these principal axes. The equation will then become 


az’ + By’ + 9wa + 9vy + 2w'z € d — 0, 


or, by a change of origin, 


aa? + By! + 2w'z — 0. 
Hence the surface is a paraboloid, the latera recta of its 
9w' 9w' 


principal parabolic sections being ~~ and ^ B* 


Ex. Find the nature of the surfaco whose equation is 
82-6yz- zz — Tz —5y + 62+3=0. 


The Discriminating Cubic is M - 3M — 18170; the roots of which are 6, 


- 3,0. 
ben 1 1 -2 
The direction-cosines of the principal axes are NI Ni Je! 


1 1 d T NL " * 
a es ue Cu Drs XH to find the equation referred t 
P ys us and m E 0 ence to q' serred ta 


axes parallel to the principal axes, we must substitute 


ag E reap Nees, pai ER 
get at a PIB Ja" 8 TS 

for x, y, z respectively. The equation will then become 
625 — y? - AJ0z — 2,/3y -V27 +3=0; 


or, by changing the origin 623 -3y1 - /22—0. 
Thus the surface is a hyperbolic paraboloid, the latera recta of the principal 
parabolas being 14/2 and 14/2. 
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84. Tt follows from Art. 75 (ii) and (iv) that when D is 
not zero, the necessary and sufficient condition that the 


surface represented by the general equation of the second 
degree may be a cone is A = 0. 


When A=0 and also D — 0, then will U, V and W be 
all zero*: hence [Arts, 81 and 82] the surface must be either 
a cylinder or two planes; and cylinders and planes are 
limiting forms of cones. Conversely, when the surface re- 


presents a cylinder, or two planes, U, V, W and D are all 
Zero, and therefore also A — 0. 


Hence A —0 is the necessary and sufficient condition 


that the surface represented by the general equation of the 
second degree may be a cone, 


85. To find the conditions that the surface represented by 


the general equation of the second, degree may be a surface of 
revolution, 


We require the condition that two of the roots of the dis- 
criminating cubic may be equal. In that case 


az? + bye cz + 2fyz + 2gzz + Qhay 
can be transformed into 


ax + oy + yz, 
Hence 


aa? + by? +o  2fyz + 2gzz + Shay — X (a? ty + z)...(i), 


* This can be proved as follows: 


We have uU+v0V+wW+dD=A, 
And, since a determinant vanishes when two of its rows are identical, we 
have also 


aU+hV+gI"+ uD=0, 
hU+0V+fW+vD=0, 
and 9U+fV+cW+wD=0, 


Hence when A=0 and D=0, unless U, V, W are all iminate 
U, V, W from the first equati e all zero, we ean elimin 
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can be transformed into 
az? + ay? + yz — X (a+ y H z).------- D. 
Now if we take A — a, (ii) will be a perfect square. 
Hence if the surface is a surface of revolution, we can, by 
a proper choice of A, make (i) a perfect square; and thai 
square must be 
(z J(a—9) * y (b 9) A(c — 3); 
We therefore have 
v-a) (c - X) =H 
W(c —) (a-r) ^g 
v(a — *) «(b - 3) =h 
Hence, if f, g, ^ be all finite, we have 
gh Wf y : 
ite b— vri k SN AAN) 
the required conditions. 


Let h, any one of the three quantities f, g, h, be zero; 
then from (iii) we see that X=a or X =b, and therefore also 


g=0 or f=0. 
Suppose g=0 and h=0; then A =a, and the condition 


for a surface of revolution is 


(b—a)(c—a) Hf emm HQ) 


ExawPLEs on Onaprer IIT. 
1. Determine the nature of the surfaces represented by the 
following equations : 
(i) a? -2y + Gat + 12zz- a* — 0. 
(ii) at e y +z + dary — Qaz + 4yz= 1. 
(iii) x° — 2zy — 22 — 2ez =a". 
(iv) 322* e y* + 421 — 162 — Say — 1. 
(v) Jat Wy Jz=0. 
(vi) 22? by* + 2° — 4xy - Ix —4y —8=0. 
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2. Find the nature of the surfaces represented by the following 
equations : . 
(i) 2+ 277-37 —4yz 8za—12ey+1=0. 
(ii) 207 + Qy? — 42" 9s Oe Say — 2x — 2y 4 z- 0. 
(ii) 53 - 9? 2 + Gaz + day + 2w + 4y + 02 = 8, 
(iv) Qa? + 3y* 4 Sy2 + 22x + Day — 4y + 82—32=0. 
Find the equations of the axes of (i), and the latera recta of 
principal parabolas of (ii) and of (iii). 
3. Shew that the equation 
zy +e + yt eet ay =1, 


represents an ellipsoid the Squares of whose semi-axes are 2, 2, j. 
Shew also that the equation of its principal axis is æ= y=. 


4. Shew that, if the axes, 
round the origin in any manner, 


5. Shew that, if three c 
middle point, they all lie in 
the conicoid, 


Supposed rectangular, be turned 
WU +0" +w? will be unaltered, 


hords of a conicoid have the same 
a plane, or intersect in the centre of 


6. Through any point O lines are drawn in fixed directions 
which meet a given conicoid in points P, P' and Q, Q' respectively ; 


shew that the rectangles OP, OP and OQ, OQ' are in a constant 
ratio, 


T. If any three rectangular axes through a fixed point O cut 
4 given conicoid in P,P’; Q, Q' and R, R'; then will 
ERA QQ” 


ERU MT RR” 
OP. 0P! ^ 00". 00% * opi OR? 
and 1 1 1 


OP. OP * 0. 0g * OR. OR” 


be constant 


CHAPTER IV. 


Contcorps REFERRED TO THEIR AXES. 


86. In the present chapter we shall investigate some 
properties of conicoids, obtained by taking the equations 
of the surfaces in the simplest forms to which they can be 


reduced. 
We shall begin by considering the Sphere. 


Tur SPHERE. 


87. The equation of the sphere whose centre is (a, b, c) 
and radius d is [Art. 5] 
(v — ay + (y - by +(e- o)! = d. 
The equation of any sphere is therefore of the form 
a3 y rZg-24c4 2By + 20z + D — 0. 


ation of the above form, that is every 
flicients of 2°, y*, and z' are equal, and 
represents à 


Conversely every equ 
equation in which the coe 
in which the terms yz, 2v, vy do not appear, 
sphere. 

88. 'The general equation of a sphere contains four 
constants, and therefore a sphere can be made to satisfy four 
conditions. We may, for example, find. the equation of a 
sphere which passes through any four points. 
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TE (2, Yo 2)» (0, Yor Za) (m Yo 2,), (tp Yo 2) be the four 
V V of the sphere through them will be. 
z'rcly'cz* 2, di uu Ie. 
a y, d zy, To Yi D 1 
SAN GEN m, Hy £, L 
dy. TAS Ty Ys 2, 1 
WEZ tA, By yo ky l 
89. The equation of the tangent plane at any point 
(a^, y’, z") of the sphere whose equation is a* 4- y* + z= a? is 
X + yy’ + 22'=a" [Art 52, Ex. 1]. This result can be 
obtained at once from the fact that the tangent plane at any 
‘point (z, y, z^) on a sphere is perpendicular to the line 
Joining (z', y’, z’) to the centre, This gives for the equation 
of the plane 
(=a) a+ (yy) y + (2—2) =0, 
ga + yy + zz =a’. 


The polar plane of any point 2, y, 2) can be shewn, by 
the method of Art, 53, ee erga) 


we! + yy + 22" = a, 
90. Tt can be easily shewn, that if S = 0 be the equation 
of a sphere (where S` is wri 


1 ritten for shortness instead of 
Sy t+ Wey 2By + 202 + D), and the co-ordinates of 


any point be substituted in S, the result will be equal to the 


or 


g rom which to the two spheres 
are equal. 


_ The surface whose equation is S— S'— 0 passes through all 
points common to the two spheres S — 0, and S'— 0. for, if 
the co-ordinates of any point satisfy the e uations S — 0 and 
Ri x they wil also satisfy the equation S — S' — o. 

ow - 
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We have seen that the tangents drawn to two spheres 
from any point on their radical plane are equal. 

The radical planes of four given spheres meet in a point, 
viz. in the point given by S,=S, =S, = S, where S,=0, 
S,=0, S,=0, S,=0 are the equations of the four spheres, 
in each of which the coefficient of a” is unity. 

This point is called the radical centre of the four spheres, 


Ex, 1. Find the equation of the sphere which has (z y, %) and 


(zo) Ya» Za) for extremities of a diameter. 
If (z, y, z) be any point on the sphere, the direction-cosines of the lines 


joining (z, y, 2) to the two given points are proportional to 2-2, y - Y» 
2-2, nnd F—2y Y- Ya -žr 
The condition of perpen’ 
equation 
(x — xy) (2-2) + (Y- 41) (Y-Y) 672) (2-42) 70. 
Ex, 2. The locus of a point, the sum of the squares of whose distances 
from any number of given points is constant, is a sphere. 


& moves so that the sum of the squares of its distances 
s locus is a sphere. 


dicularity of these lines gives the required 


Ex. 3. A poin 
from the six faces of a cube is constant; shew that it: 


Ex, 4. A, B are two fixed points, and P moves so that PA=nPB ; shew 
that the locus of P is a sphere. Shew also that all such spheres, for different 


values of n, have a common radical plane. 
wo points from the centre of a sphere are pro- 


Ex, 5, ‘he distances of t 
li from the polar of the other. 


portional to the distance of eac! 
Ex. 6. Shew that the spheres whose equations are 
za yhp DAz E 2Dy +2Cz+D=0, 
and ait rar 4 2by + 2cz d 0, 


cut one another at right angles, if 
2Aa+2Bb+2Ce-D-d=0. 


rove some properties of the ellipsoid; 


91. We proceed top ] 
ose the equation of the surface to be 


and we shall always supp 
a? y z x 
a +H ick L 


unless it is otherwise expressed. 
To obtain the properties of the hyperboloids we shall 
only have to make the necessary changes in the signs of 


b and œ. 
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We have already seen [Art. 52] that the equation of the 

tangent plane at any point (a’, y’, z’) is 
ax! yy’ em x 
ar Re + DII — (i). 

The length of the perpendicular from the origin on the 
tangent plane at the point (o, y, 2’) is [Art. 20] given by the 
equation 

JE ye es 


Equation (i) is equivalent to læ + my + nz — p, where 
Docs m wy m 2 


PAG? ptg gi 


272 A ay 2,2 /2 2 ri 
therefore Lihme =544, 255-1. 
p owt c 


Hence the plane whose equation is Iz + my 4- nz == p, vill 
touch the ellipsoid, if 
PHATE M+R uu (iii). 
92. To find the locus of the point of intersection of three 


tangent planes to an ellipsoid which are mutually at right 
angles, 


Let the equations of the planes be 
lat My+tn, z= / (el? + Lm? + cn), 
Lotmy+n,2= M. (aL? +m? + cn), 
atm, y+ My 2 — A (^l? + me + Cn). 


By squaring both sides of these equations and adding, we 
have in virtue of the relations between the direction-cosines 
of perpendicular lines 


zSbyRZLG y. ot 
The required locus is therefore a sphere, This sphere is 
called the director-sphere of the ellipsoid. 


93. The normal to a surface at any point P is the 


pas line through P perpendieular to the tangent plane 
at P. 
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The normal to an ellipsoid at the point (z', y’, z' is 
therefore 


Since 


[Art. 91.] 


the direction-cosines of the normal are 
pr py pe 
(oO o Ron REC 


_ 94 If the normal at (o^, j', z) pass through the par- 
ticular point ( f, g, h) we have 


PE cu See 


c y z 
"ai d v 
Put each fraction equal to à, then 
Pectin eu UU TE dU) 
gx = pry yond e EXE 


arp y l, 
we have 
afi py cen 
x E nE 
(a XP T X * (XY 


Since this equation for X is of the sizt/ degree, it follows 
that there are siz points the normals at which pass through a 
given point. 

Ex. 1, The normal at any point P of an ellipsoid meets a prineipal 
Plane in G. Shew that the locus of the middle point of PG is an ellipsoid, 

Ex. 2. The normal at any point P of an ellipsoid meets the principal 
Planes in G,, Ga Gs. Shew that PG, PG,, PG, are in a constant ratio. 


Ex. 3, The normals to an ellipsoid at the points P, P’ meet a principal 
plang in G, G'; shew that the plane which bisects PP’ at right angles bisects 
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Ex. 4. If P, Q be any two points on an ellipsoid, the plane through 
the centre and the line of intersection of the tangent planes at P, Q, will 
bisect PQ. 


Ex. 5. P, Q are any two points on an ellipsoid, and planes through the 


centre parallel to the tangent planes at P, Q cut the chord PQ in P", Q'. Shew 
that PP'—QQ'. 


95. The line whose equations are 
w@—-a_y-B_z-y¥ 
c "a m e E 
meets the surface where 
P 2 2 2 
ENTERS NER NM 
If (a, B, y) be the middle point of the chord, the two 


values of r given by the above equation must be equal and 


opposite; therefore the coefficient of r is zero, so that we 
have 


=r, 


1. 


EYE 
nib c 


Hence the middle points of all chords of the ellipsoid 
which are parallel to the line 


m n 


The diametral plane of lines parallel to the diameter 
through the point (2^, y', z') on the surface is 
Eu TT " 
“+ A te TUR REN ET: 
hence the diametral plane of any diameter is parallel to the 
tangent plane at the extremities of that diameter, 
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The condition that the point (z", y", z”) should be 

on the diametral plane (i) is 
az yy zz 
Eran 

The symmetry of this result shews that if a point Q be on 
the diametral plane of OP, then will P be on the diametral 
plane of OQ. 

Let OR be the line of intersection of the diametral 
planes of OP, OQ; then, since the diametral planes of OP, 
OQ pass through OR, the diametral plane of OR will pass 
through P and through Q, and will therefore be the plane 
POQ, so that the plane through any two of the three lines 
OP, OQ, OR is diametral to the third. ach 

"Three planes are said to be conjugate when each is dia- 
metral to the line of intersection of the other two, and three 
diameters are said to be conjugate when the plane of any two 


is diametral to the third. 


96. If( 


T, 3 
of conjugate diameters, we 
Gly Ya s 
5 teo 


52)» (Ey Yp 2.) and (zy Yy z,) be extremities 
jv n d Ki from Art. 93, 


Also, since the points are on the surface, 


mW pal 

we 
CA f a DSW Occo ea ieee ii 
tte 1 (i) 
c 3 fx 
ap tac 
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Now from equations (ii) we sce that 


Aids Fil. Ye Ze. and 72 9; 4. 
a’ b'c'g'b' o? Gib" o 
are direction-cosines of three Straight lines, and from equations 


(i) we see that the straight lines are two and two at right 
angles. Hence, as in Art. 45, we have 


x) +02 +02 =a? 
yt; ty =b rase iaeiei (11), 


z +22 +z’ 
and 
DY, HEY + xy, = 0 
FERRE S POTE AU equ (iv). 
zo, 2,0, + Z,0,= 0) 
We have also from Art, 46. 


TU CERT eee = Ly or |o Y 2%) =abe.......(v). 
Co aT v1 4 

| | 2? Yar z 

g, Ya ET ET Ys» zy 

quM bros 

18s Ys 25 

ars Hs] 


From (iii) we see that the sum of the squares of the pro- 
jections of three conjugate semi-diameters of an ellipsoid on 
any one of its axes is constant. 


Also, by addition, we have, the sum of the squares of three 
conjugate diameters of an ellipsoid is constant, 

From (v) we see that the volume of the parallelopiped 
which has three conjugate semi-diameters of an ellipsoid for 
conterminous edges is constant. 

In the above the relations (ili) and 
from (i) and (ii) by geometrical con: 
could however be deduced by the ordinar 
without any consideration of the geometrical meaning of the 
quantities, and hence the results are true for the hyper- 
boloids. 


(iv) were deduced 
siderations, They 
Processes of algebra 
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97. The two propositions (1) that the sum of the squares 
of three conjugate semi-diameters is constant, and (2) that 
the parallelopiped which has three conjugate semi-diameters 
for conterminous edges is of constant volume, are extremely 
important. We append other proofs of these propositions. 
Since in any conie the sum of the squares of two conjugate 
semi-diameters is constant, and also the parallelogram of 
which they are adjacent sides, it follows that in any conicoid 
no change is made either in the sum of the squares or in the 
volume of the parallelopiped, so long as we keep one of the 
three conjugate diameters fixed. 
We have therefore only to shew that we can pass from 
any system of conjugate diameters to the principal axes of 
the surface by a series of changes in each of which we keep 
one of the conjugate diameters fixed. 
This can be proved as follows —let OP, 0Q, OR, be any 
three conjugate semi-diameters, and let the plane QOR cut a 
principal plane in the line OQ’, and let QR. be in the plane 
QOR conjugate to OQ; then OP, QQ' Ol are three 
conjugate semi-diameters. Ae 3 
neet the principal plane in 


Again, let the plane POR’ n ‘i 
which OQ lies in the line OP", and let OR be conjugate to 


OP" and in the plane POF’; then oP’, OQ" and Oli" are 
semi-conjugate diameters. But, since OR is conjugate to OP 
and to OQ’, both of which are in a principal plane, it must be 


a principal diameter. 
Hence, finally, we have only to. take the axes of the 
section Q'OP" to have the three principal diameters. 


98. Itis known that any í ers 
conic will both meet the curve in real points when it is an 
ellipse; that one will meet the curve 10, imaginary points 
when it is an hyperbola; at both will meet the curve 
in imaginary points i y 
by transforming as in the preceding 
three conjugate diameters of a conicoi 
surface in real points when it is an elli m 
mect the surface in imaginary points when it 1s an hyper- 
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boloid of one sheet; and that two will meet the surface in 
imaginary points when it is an hyperboloid of two sheets. 


99. To find the equation of an ellipsoid referred to 
three conjugate diameters as axes. 

Since the origin is unaltered we substitute for æ, y and z 
expressions of the form la-+my-+nz in order to obtain the 
transformed equation [Art. 47]. 

The equation of the ellipsoid will therefore be of the form 

Az? + By + O24 2Fyz + 2 Gzz + 2Hxy — 1. 

By supposition the plane z — 0 bisects all chords parallel 
to the axis of æ. Therefore if (@y y, Z,) be any point on the 
surface, (—a,,y,, 2,) will also be on the surface. Hence 


Hep ay ae for all points on the surface: this requires 


2? y 2 
at pt gta (a yu 
is transformed, by taking for axes three conj i 
; onjugate diameters 
which make angles a, £, y with one another into the 
expression > 
2 2 


voy 2 
qiti gt Myr. 2yz cos a + 22v cos B+ 9: cosy). 
The two expressions will therefore both split up into 


linear factors for the same values of 2, 
the cubics ence the roots of 
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aue 1 Xx i cose | 
gat cos y, 
1 
cosy, pet XAcosa}=0 
: 1 
Acos,- cosa, wtr 


c 


are equal to one another. 
Hence, by comparing coefficients in the two equations, we 


have ; 

at B pena E eese een Di 
Vc? + cta? 4 atb? = Dc? sinta + c^a? sin’ +a”b"” siny. coca Oo) 
and 


abc =a'b'e’ /(1 — cos'a — cos*B — cos'y +2 cos 4cos B cos ).. (iii). 


Therefore the sum of the squares of three coniuga 
diameters is constant; the sum of the squares of the rd 
the faces of a parallelopiped having three conjugate PN 4 
conterminous edges is constant; and the volume o 


parallelopiped is constant. 
Ex. l. If a parallelopiped be inscribed in an ellipsoid, its edges will be 
parallel to conjugate diameters. ‘ 
Ex. 2. Shew that the sum of the squares of the projections of three 
conjugate diameters of a conicoid on any line, or on any plane, 
Ex. 3. The sum of the squares of the distances of ae AE 
ends of any three conjugate diameters is constant; shew thal 
point is a sphere. ; by 
ities of three conjugate 
Ex. 4. If n) (Gaya). (Zs¥/s%s) be extremi eon] 
diameters of an pah C dea Sf the plane through them will be 
z =1. 
Erst) pu Ia YN talataty 
Ex, 5. Shew that the tangent planes at the extremities of three conju- 
gate diameters of an ellipsoid meet on & similar ellipsoid. uh 
ity of a triangle whose 
the locus of the centre of gravi whos 
Edi ni ths extremities of three conjugate diameters of an ellipsoid 


is a similar ellipsoid. 
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Tne PARABOLOIDS, 


101. We have seen that the paraboloids are particular 
cases of the central surfaces; properties of the paraboloids 
can therefore be deduced from the corresponding properties of 
the central surfaces. ^ We will, however, investigate some of 
the properties independently, 


We shall always suppose the equation of the surface 
to be 


102. To find the locus of the point of intersection of three 
tangent planes to a paraboloid which are mutually at right 
angles, 


Let lg + my +n,2+p,=0 be one of the tangent planes; 
then, since the plane touches the surface, we have 


j al? + bm? = 2n, p, [Art. 57, 11.] 
Hence we may write the equation in the form. 
lier + many e n? z 3 (al? +m) - 0. 
We have also 
ln, atm, y+ n! zd V (al? + bn?) =0, 
and ln, z mg y n$z + 3 (el 4- bm) =0, 
Since the planes are at right angles, 
z+3(a+b)=0; 
hence the locus is a plane. 


we have by addition 


103. The equation of the norm 


al at any point (a’, y ? E 
of the paraboloid is P (2',y',2') 
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The normal at (2’, y’, 2) will pass through the particular 
point (f, g, h), if Pay 


and substituting in 


we have 
af* ig 9 MEEN 
aay OX Ut ) 
à is of the fifth degree; therefore 


The equation in r 
m any point to a paraboloid. 


five normals can be drawn fro 
104, The middle points of all chords of the paraboloid 
which are parallel to the line 


i| m n 
are [Art, 59] on the plane whose equation is 
EAE C UU 
m EU, 


or ie (mJ. =0. 
ane 
Hence all diametral planes are parallel to the axis of the 
surface. 2 
lt is easy to shew conversely that all planes parallel 
to the axis are diametral planes. $ 
f the surface is called a 


A line parallel to the axis © c ! 
ts the surface in one point at 


diameter. Every diameter mee rface 1n € 
d this point is called the 


a finite distance from the origin; an 
extremity of tlie diameter. 
S. S. G. 
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The two diametral planes whose equations are 


lz sU, 
a b 
t / ; 
and = An =0, 


are such that each is parallel to the chords bisected by the 
other, if 
W mw 
a b 
If this condition be satisfied, the planes are called con- 
jugate diametral planes. 
The condition shews that 
meet the plane z= 0 i 
diameters of the conic 


conjugate diametral planes 
n lines which are parallel to conjugate 


105. If we move the origin to any point (a, B, y) on the 
surface, the equation becomes 


a 
a 


sy Baal Nee LO. 
ba b 
If we take the planes 


2-0, y-0 and 2 UB Lg 


as co-ordinate planes, and therefore the lines 
c wy y SES z [4 Zz c D 
EXE 22 oe e and 9 =4 = 
for axes, we must [Art. 47] substitute 
ax by ax By 
V Ga) VOB) Vara) + Teast? 
for x, y, z respectively. 
The transformed equation is 


Z 
1 
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This is the equation to the surface referred to a point 
(a, B, y) as origin, two of the co-ordinate planes being parallel 
to their original directions, and the third being the tangent 


plane at (a, 8, y). 


Ex. 1. Shew that th 
paraboloid is a diameter. 

Ex. 2, Shew that all planes parallel to the axis o! 
surface in parabolas. 

Ex. 8. Shew that the latera recta of all part 
paraboloid are equal. 

Ex. 4. Shew that the project 
of a paraboloid, of all plane secti 
similar conics. 


Ex. 5. P, Q are any two points on & paraboloid, and the tangent planes 
i shew that the plane through RS and the 


at P, Q intersect in the line RS; 1 
middle point of PQ is parallel to the axis of the paraboloid. 
Ex. 6. Shew that two conjugate points on & diameter of a paraboloid 
are equidistant from the extremity of that diameter. 

Ex. 7. Shew that the sum of the latera recta of the sections of a 
paraboloid, made by any two conjugate diametral planes through a fixed 
point on the surface, is constant. 


o locus of the centres of parallel sections of a 


f a paraboloid cut the 
allel parabolic sections of a 


endicular to the axis 


ions, on a plane perp 
llel to the axis, are 


‘ons which are not para 


ConEs. 


106. The gencral equation of a cone of the second 


degree is 
aa? + by! +02" + 2fyz + 9gza + Lhay = 0. 
The tangent plane at any point (z, ^ z’) on the 


surface is 
— a^) (az! + hy +92 4 (y — 9) (hal + by +, z’) 
(@—a') (aa + Ay +97) PTAS EN 1520, 


or 

m (ax + lf + gz) + y (hal + by + fe) +2 (gz fy or) — 0. 
The form of this equation shews that the tangent plane 

at any point on a cone passes through its vertex, as 18 geo- 

metrically evident from the fact that the generating line 

through any point is one of the tangent lines at that point, 


and therefore lies in the tangent plane. 
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107. To find the condition that the plane lx-+my+nz=0 
may touch the cone whose equation is 
az? + by? + cz! +2fyz + Qgza + 2hay = 0. 

Comparing the equation of the tangent plane at the point 
(2, y’, 2’), namely 
& (az af + gz) + y (har + by’ - fz) + z (ga! -fif -- c2) = 0, 
with the given equation, we have 
az hy + gz Ls by +f" L9 t fy +c: 
l *ü m A n » 
Put each fraction equal to — à, then 
az + hy! *gZTM =0, 
ha! + by! -fZ Xm — 0 
94 c flf +027 +2rn =0 
Also, since (a, 3, Z) is on the plane, 
la! + my’ +nz' — 0, 
» Z, à, we have the required condition 


] 
and 


Eliminating a, y, 


a h, g, =0, 
hà Bis d ap 
Gein. (Cs m 
l, m, n, 0 
or AP + Dm? a Cr? + 2Frmn +. 2Gnl+ 277m =0 
where A, D, C, &e, are the minors of a, b, c, &e. in the deter- 
minant 
a, h, g|. 
h, b, 47 
9 f, c 


ar to the plane 
lz d my 4 nz — 0, as ee ee 


m n° 
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Hence, from the result of the last article, the reciprocal of 
the cone 
ax? +by +e? +2fyz +2gzæ +2hay =0, 


is Ag? + By? + C28 + 2Fyz 4 28zz + 2Haxy = 0. 
Since the minors of A, B, C, &c. in the determinant 
Ag He AG: 
H BEE 
C EKC 


are proportional to a, b, c, &c., we see that the relation be- 
tween the two cones is a reciprocal one. 
As a particular case of the above, the reciprocal of the 
cone 
tt OP wee 
wt dy? = 7 444==0. 
ua? + by cz =0, is p +7 =0. 
From this we see at once that a cone and its reciprocal 
are co-axial. 


109. To find the condition that a cone may have three 
perpendicular generators. 
Let the equation of the cone be 
ax? + by? +02" + 2fyz +2gzæ + hey = 0... (i). 
If the cone have three perpendicular generators, and we 
take these for axes of co-ordinates, the equation will [Art. 73, 


Ex, 4] take the form iv 
Ayz+ Bea+ Cry=0 «+. OOOO (ii). 
Since the sum of the co-eflicients of 2’, y* and z? is an in- 
variant [Art. 79] and in (ii) the sum is zero; therefore the 
sum must be zero in (i) also. Therefore a necessary condition 
1S8 
a 4-b-- 62 0..e esee eene (ii). 
If the condition (iii) is satisfied there are an infinite 
number of sets of three perpendicular generators. For take 
any generator for the axis of z; then by supposition any 
point on the line y=0, 2=0 is on the surface; therefore the 
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co-efficient of a* is zero, so that the transformed equation is of 
the form die 

PM by + cò? + 2fyz+ 9gzz + hey = 0 saske (17); 
and since the sum of the co- 
variant, we have } + c— 0. 


Now the section of (iv) by the plane z—0 is the two 
straight lines 


efficients of a*, y*, z* is an in- 


by! + cz +2fyz=0; 
and these are at right angles, since b +¢ = 0, 


110. Ifa cone have three perpendicular tangent planes, 
the reciprocal cone will have three perpendicular generators. 


Hence the necessary and sufficient condition that the 
cone 
az by + cz’ + 2fyz + 


2gzx + Lhay = 0, 
may have three perpendicular tan 


gent planes is 


4 +B+0=0. 
Ex, 1, CP, CQ, CR are three central radii of an ellipsoid which are 
RY at right angles to one another; shew th 
& sphere, 


at the plane PQR touches 

Let the equation of the plane PQR be iz 

the cone whose vertex is the origin, and whic! 
3 2 


The equation of 
of the plane and the ellipsoia ^. +3 


h the intersection 


2 a a 2 a 

et Al, et etm Stayin) : 

By Ge the cone hag three Perpendicular Generators; therefore 
atati. 
a? b ct p 


Ex. 2, Any two gets of rectangular ax i i - 4 
Generators of a cone of the second degree, °= which meet in a point form six 


Ex. 3. Shew that any two 
& point all touch a cone of thes 


111. To find the equation of the tan t " 
point to an ellipsoid, y ED O jeas i 


sets of perpendicular p] i i 
ZA MS T planes which meet in 


Let the equation of the ellipsoid be 


a zt 
qp tal 
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Let the co-ordinates of any two points P, Q be a’, y', z' 
and g”, y", z” respectively. " 

The co-ordinates of a point which divides PQ in the ratio 
m:n are 
ma ma" muy my! nz +m” 

mtn’? m+n | m+n 
If this point be on the ellipsoid, we have 
ree "a ir ma nz + me”)? 
(nz moy , oy tn | x JE n) 


a 


1a n 9 AE xe dz 

or v (S440 45-1) + 2m C et € -1) 
a na m 

em (rt pt -1)-. 


If the line P Q cut the surface in coincident points, the 


above equation, considered as a quadratic in "E must have 


equal roots; the condition for this is 


qa y? z^ Tia" y? z^" ) 
(G++ -l(at ete! 


z') be fixed, the co-ordinates 


Hence, if the point P (æ', y, ipsoi 
ce, i point P (2, y line from P to the ellipsoid, 


of any point Q, on any tangent 
must satisfy the equation 
(OP ee ey  # ) 
eu «5-9 tz 1 
' n N " ' 
2. e +H 4 - 1) Osca): 
Hence (i) is the required equation of the tangent cone 
from (z', y’, z) to the ellipsoid. 
112. If we suppose the point (æ, y, 2’) to move to an 
ill become a cylinder whose 


infinite distance, the cone wi i 
generating lines are parallel to the line from the centre 


of the ellipsoid to the point (z^ y', 2’). 


88 ENVELOPING CYLINDER. 
Hence, if in the equation of the enveloping cone we put 


az =lr, y =mr, 7 = nr, 
and then make r infinitel 


y great, we shall obtain the equ ation 
of the enveloping cylinder whose generating lines are 
parallel to 

OPRY EZ 
Ua ns 


Substituting lr, mr, nr for vy, 2 respectively in the 
equation of the enveloping cone we have 


abra (+9482) 
(G+%+5-1 (2*5 *5-i 


Hence, when r is infinite, 


Se ae) rg 
(oes Jar 5)-( 


ym zn\* 
a c ats e 7) A 
113. The equation of the envelopi li an be 
found, independently of th ea undor can 
manner, 


e enveloping cone, 
The equations of the straig 
any point (a, y/, 2’) parallel to 


in the following 


ht line which is drawn through 


c—- 
are 


=r, 
a 
The straight 


"n 
line will meet the ellipsoid į i 
| 1 n two points 
Whose distances from (2, Y, z^) are given by the EUM 
Cr nya eg Lc! d 
+B +S a) aan say an 


c 
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Hence the co-ordinates of any point, which is on a 

tangent line parallel to 
oe yee 

i l m ni 

satisfy the equation 
DE ye ok T me In my , nz? 
(5 52-1) late +8) - (5+ +3) x 

Which is the required equation of the enveloping cylinder. 
e three 


Ex. (i). To find the condition that the enveloping cone may hay 
Perpendicular generators. 
The equation of the enveloping cone whose vertex is (z^, y’, 2) is 
zi 2 g1 ! ry 2 
rod ps NE aay? £z az yy Qf — 2 
(Ganta -1) cu +5 -1)-(3+ ovum peo 
I this have three perpendicular generators the sum of the coefficients of 
z3, 43, and 21 must be equal to zero [Art. 109]. Hence (z, y, #), the vertex 
of the cone, is on the surface 
Th, URN VERS OPULEH LE UHR OH 
(5+ +3) (ata Saris roe 
Ex. (ii). Shew that any two enveloping cones of an ellipsoi 
Plane curves, 
The equations of the cones whose vertices are (z^, y^, 2’) and (z^, y^, £^) are 
m oy! zi dz: y? g 2 zz vy zm y 
at 48-1) (diea 1)- zit +a 1), 
7 


d intersect in 


A a eee mes) 
and (S+£+5-1)(G+et at -Qt t ta 
respectively, 


The surface whose equation is 
wee’ " / 2 fx" Wa 3 
e t t 1) (2454223) 


ai D c? a? ve ci 
RU UU EN EN 

= (Grita 1) atu 

and clearly is two planes. 


passes through their common points, 
nveloping cone of the paraboloid 


Ex. (iii), Find the equation of the e 
ax! by? 2: —0. ; - d 
Ans. (axi 4- by* 4-22) (ax? + by? + 22) - (az + byy ete) 

Ex. (iv). Find the locus of à point from which three perpendicular 


tangent li hi boloid az?-- by? 22=0. 
E nes can be drawn to the para Ans, ab (+y?) +2 (a+b) 2=1. 
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EXAMPLES ON Crarrer IV, 


1. Find thee 
orthogonally, 


2. Shew that a sphere which cuts the two spheres S=0 and 
S' — 0 at right angles, will cut Z8 4 mS' — 0 at right angles, 


3. OP, OQ, OR axe three perpendicular lines which meet in 
a fixed point O, and cut a given s 


phere in the points P, Q, R; 
shew that the locus of the foot of the perpendicular from Q on 
the plane PQZ is a sphere, 


4. Through a point O two strai 
dicular to one another i 

at right angles; shew that the 1 
centre is the middle point of th 
given lines, 


5. Shew that the cone Az? + By? + 


C2 9 Pyz+ Gua. 2ay =0 
will have three of its generators coincid; 


C p cu P E ent with conjugate diameters 
of S44 +5=1, if Aa’ + DU + Qe =0 
d BF è . 


] © that the sum of the Squares of its 
distances from ^. given points is constant; shew that it always 
touches an ellipsoid, 


9. Having given a: 


10. If lines be dr; I 
parallel to the generating i; through the centre of an ellipsoid 


EE ines of an enveloping 
formed will intersect the 1 EU Ping cone, the cone so 
plane of contact, * ellipsoid in two Planes parallel to the 


quation of a sphere which cuts four given spheres’ 
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1l. The enveloping cone from a point P to an ellipsoid has 
three generating lines parallel to conjugate diameters of the 
ellipsoid ; find the locus of P. 


12. The plane through the three points in which any three 
conjugate diameters of a conicoid meet the director-sphere touches 


the conicoid, 


13. Shew that any two sets of three conjugate diameters 
of a conicoid are generators of a cone of the second degree. 


l4. Shew that any two sets of three conjugate diametral 
planes of a conicoid touch a cone of the second degree. 


15. Shew that any one of three equal conjugates of an 
ellipsoid is on the cone whose equation is 


(a? + Dc) (55 2)-3e rm 


16. D, E, F aud P, Q, R are the extremities of two sets of 
conjugate diameters of an ellipsoid. If p, p» p» Pa are the per- 
pendiculars from the centre and P, Q, R respectively on the 
plane DEF, prove that 

pip ep! = 2P (Pi +P, *Pad- 

17. The sum of the products of the perpendiculars from the 
two extremities of each of three conjugate diameters on any 
tangent plane to an ellipsoid is equal to twice the square on the 
Perpendicular from the centre on that tangent plane. 


18. The distance r is measured inwards along the normal to 
an ellipsoid at any point P, so that pr-m?, where p is the per- 
pendieular from the centre on the tangent plane at Pj shew that 
the locus of the point so obtained is ý 

2 a 
a! a? 2t DUE (E c 
(à —m)y Gamy (t-m) 

19. Through any point P on an ellipsoid chords PQ, PR, PS 
are drawn parallel to the axes; find the equation of the plane 
QRS, and shew that the locus of K, the point of intersection of 
the plane QRS and the normal at P, is another ellipsoid. Shew 
also that if the normal at P meet the principal planes in Go Gy G, 

2 1 1 1 
then wi “Stan tp 9m 
en will TÉ PG,* PG, PG, 
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i P 
90. PK is the perpendicular from any point on its polar 
jt with respect to a conicoid and this perpendicular meets a 
plane 


incipal plane in G ; shew that, if PK. PG is constant, the locus 
ne ne i 
ps B a conicoid, 


É AUN, A te 
21. Shew that the cone whose base is the ellipse atp 1, 


f 
2 —0, and whose vertex is any point of the hyperbola ry y 
=1, y=0, is a right circular cone, 
22. A cone, 


whose equation referred to its principal axes, is 
se B'a = (a+ BG, 

SRI VIS 34, 
is thrust into an elliptic hole whose equation is a + A hs 
that when the cone fits the hole its vertex must lie on the ellipsoid 

zoy noun 
@ MISI *g)-1 


=1; shew 


In a cone any system of thre 
any plane section in the angular po 


© conjugate diameters meets 
with respect to that section. 


ints of a triangle self polar 


cones which have as vertices two points 


ect in two parallel planes 
ntre that of the tangent 
mean proportional, What 
is the corresponding Proposition for a paraboloid? 
two enveloping cones in 
the planes are at 
another, the product of the 


» is equal to the prodi 
on the other plane of contact, 
26. If a line through a fixed poiut O bi 
jugate line with res icoid i 


points o; 


t the feet of the perpendiculars Jet fall from 
n a given diameter icoi 
those po; 


ular hype: ‘bola. 
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28. Prove that the surfaces 
x*.y' 2s mw 
a," bY pi A : a; 5 


will have a common tangent plane if 


c, , es » € 
29. Prove that an ellipsoid of semi-axes a, b, c and a concen- 


ee lated th i 
o oar a nre so related that an in- 
definite number of octahedrons can be inscribed in the ellipsoid, 


and at the same time circumscribed to the sphere, the diagonals of 

the octahedrons intersecting at right angles in the centre. 
s 

30. Find the locus of tho centre of sections of z 


tric sphere of radius 


y? z 

+5 addc 1 
eyes NUES 

which touch E + jn + R= J: 

h a given line so as to cut an 


31. Planes are drawn through 
he sections so formed all lie on 


ellipsoid; shew that the centres of t 
a conic, 

39. Find the locus of the centres of sections of an ellipsoid 
by planes which are at a constant distance from the centre. 


33. Shew that the plan 
their centres on a fixed straight line are paral 
line, and touch a parabolic cylinder. 

34, The locus of the lino of intersection of two pe 
tangent planes to ax? + by’ cz =0 is 

a (b c)a? - b (c a) y  c(a* 2 - 0- 
s at which intersect 
f the second degree 


o sections of an ellipsoid which have 
el to another straight 


rpendicular 


35. The points on a conicoid the normal 
the normal at a fixed point all lie on a cone 0| 
whose vertex is the fixed point 


36. Normals are drawn to à 
met by a cone which has the axes o 
generating lines; shew that all tl 
diameter of the conicoid. 


conicoid at points where it is 
f the conicoid for three of its 
ie normals intersect a fixed 
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37. Shew that the six normals which can be drawn from 
any point to an ellipsoid lie on a cone of the second degree, three 
of whose generating lines are parallel to the axes of the ellipsoid. 


38. Find the equations of the right circular cylinders which 
circumacribe an ellipsoid. 
39. If a right circular cone 


: has three generating lines 
mutually at right angles, 


the semi-vertical angle is tan7',/2. 


40. If one of the princi pal axes of a cone which stands 
on a given base be always parallel to a given right line, the locus 
of the vertex is an equilateral hyperbola or a right line according 
as the base is a central conic or a parabola, 


4l. The axis of the right ci 4 igi 
which passes through ca tie eran fires cng ore 
(5; m, ny), (lay mp n), (l m, ^) is normal to the plane 

a) Tb dh 2 new 
v, dy s uy 
y, m, m, m, 
% "y m, n, 


42. The equations of the axes of 
; i the fi i 
which can be described touching the coordinate planes iro VE 


i e. y z 
sin'a sin'B~ sins! 


sin'a sin? in*. 
TT SB sint, 


=0 22 cos? 2 
d y z O E 
1 y z 
costa gin’ 2 
—+ sin’B + oy 0, cosa  cos'g sin*y 
z k — -= 
c 
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_ 44. Shew that, if P, Q, R be extremities of three conjugate 
diameters of a conicoid, the conic in which the plane PQX cuts 
the surface contains an infinite number of sets of three conjugate 
extremities, which are at the angular points of maximum triangles 
inscribed in the conic PQR. 

45. Shew that, if the feet of three of the six normals drawn 
from any point to an ellipsoid lie on the plane le +my+nz+p= 0, 
the feet of the other three will be on the plane 


D'm'n p 
the equation of the ellipsoid being az’ + by? + cz? = 1. 

46. Prove that the locus of a point with which as a centre of 
conical projection, a given conic on a given plane may be projected 
into a circle on another given plane, is a plane conic, 

47. If C be the centre of a conicoid, and P (Q) denote the 
perpendicular from P on the polar plane of Q; then will 

P(Q)_ CO, 
QP) CQ) 


48. The locus of a point such that the sum of the squares of 
its normal distances from a given ellipsoid is constant, is a co-axial 
ellipsoid. 

49. If aline cut two similar and co-axial ellipsoids in DNUS 
Q, Q'; prove that tho tangent plane to the former at "Ds P, 
meet those to the latter at Q or Q' in pairs of parallel lines equi- 
distant respectively from Q or Q’. 

50. A chord of a quadric is intersected by the normal at a 
given point of the surface, the product of the tangents of the 
ungles subtended at the point by the two segments of the chord 
being invariable. Prove that, O being the given point and P, P 
the intersections of the normal with two such chords in perpendi- 
cular normal planes, the sum of the reciprocals of OP, OP, is 


invariable, _ 


CHAPTER V, 


PLANE SECTIONS OF Contcorps. 


114. We have seen [Art. 51] that all plane sections of a 
conicoid are conics, and also (Art. 61] that all parallel 
sections are similar conics, Since ellipses, parabolas, and 
hyperbolas are orthogonal] y projected into ellipses, parabolas, 
and hyperbolas respectively, we can find Whether the curve 
of intersection of a conicoid and a plane is an ellipse, 
parabola, or hyperbola, by finding the equation of the pro- 
Jection of the section on one of the co-ordinate planes, 


For example, to find the nature of plane sections of a 
paraboloid. 


The plane iz +my+nz4 P=0 cuts the paraboloid 

aa’ + by’ + 2z — 0, in a curve through which the cylinder 
a (my +nz + py + by + 222 =0 

passes. The plane x=0, which is perpendieular to the 
generating lines of the cylinder, cuts it in the conic whose 
equations are z — 0, a (my + nz + py’ + by + Iz = 0 
this conic is the projection of the secti 
If n —0, the projection will be a par 
zero, the projection will be an ellipse or hyperbola accord- 
ing as an? (am? + UD) — a*m?*n? is Positive or negative, or abn? 
positive or negative, that is, accordi : 
elliptic or hyperbolic paraboloid, 


; and 
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Hence ali sections of a paraboloid which are parallel 
to the axis of the surface are parabolas; all other sections of 
an elliptic paraboloid are ellipses, and of a hyperbolic 
paraboloid are hyperbolas. 

Ex. 1. Find the condition that the section of ax*+by?+cz=1 by the 
plane lx+my-+nz+p=0 may be a parabola. 


Ex, 2, Shew that any tangent plane to the asymptotic cone of a conicoid 
meets the conicoid in two parallel straight lines. 
115. To find the axes and area of any central plane 
section of an ellipsoid. 
Let the equation of the ellipsoid be 


er td 
attach 
and let the equation of the plane be t 

læ + my + nz 20. eem (i). [ 
Every semi-diameter of the surface whose length is r is a 
generating line of the cone whose equation 1s [p. 55, Ex. 5] 


a (à -3) m. (p -z) n G- 2) = 0.) 


This cone will, for all values of r, be cut by the plane in two 


straight lines which lie along equal diameters of the section ; 
and, when r is equal to either semi-axis of the section, thers 
equal diameters will coincide. That 1s, the plane, © m 
touch the cone (ii) when r is equal to either seml-axis, 0 
the section of the ellipsoid by the plane. The condition 


of tangency gives 


From (iii) we sce that 


abo o AR IOAN (G9), 
T,T,— NICE Dmiton’) P 


-axes of the section, and p is the 


whe semi 
re r, r, are the Tiel tangent plane. 


Perpendicular on the para 
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From (iv) we see that the area of the section is equal to 
mabe 
AK (a + Bim? + eu?) 
116. To find the area of an 
Take for co-ordinate plane: 


LT NO 
ot tul, and z — f, 


The cylinder whose equation is 
a k? 
at tah 
passes through the curve of intersection of the surface and the 
plane; and the area of the section of this cylinder by z =k is 
"ys E 
Tab sins (1 a) 
v being the angle XOY. The area 
ellipsoid by z=0 is zi sin v. 
Hence, if A be the re 
the parallel central sectio 


of the section of the 


quired area, and A, be the area of 


n, we havo 


Now the tangent plane at (0, 0, 9) is z — c; therefore the 
perpendicular distances of the given 


plane and of the parallel 
tangent plane from the centre are in the ratio of k: c. 
Hence A=A, (1 23 


Where p and p, are the Perpendicular distances 
plane and of the parallel] 


and of the parallel central 


l section ; and 
in Art. 115, the area of any 


central section, 
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Hence the area of the section of the ellipsoid whose 
equation, referred to its principal axes, is 


Sy Le. 
a SP p ar c ES 1, i 

made by the plane whose equation is 
læ 4- my + n2 =p, 

ee heal (1- Sy 

y (aL + Um? + cw) a + ln + ct 
F MEC mabe 
d A, Af (GP + Vn + cn’) pareen 
and p) m aT +m + on [Art. 91]. 


Ex. 1. To find the area of the section of a paraboloid by any plane. 
. Let the equation of the paraboloid be ax*+by?+2z=0, and let the equa- 
tion of the section be e+my+nz+p=0. Tho projection of the section or 
the plane z=0 is the conic 


az? by! - 2 (lx +my+p)=0, 
EN? mM 1/2 
D fee DN rs (ecu i 
z a(z x) +o(y nb n G+ + ap) 
The area of the projection is 


T Pom 
—=(-+7 +2 n) ; 
n1 Jab G tas Js 
and therefore [Art. 31] the area of the section is 
r E d m 5| 
ni Jab a b 
hi don ofthe ous E AT P0 by the 
Ex. 2. To find the area of the sectio: stots 
plane lz 4- my 4 nz —p. 


Th i Qin TR ween by the given plane is 
e area of the section of 7 + Jk * ct 


m abc ps p } y 
V (kal + kbm + ken?) Kak? + kom? + ken? 
If we put k=0 the gurface becomes the cone. The required area is therefore 
xp? abe 


(al? + bm?+ cn’) 
ellipsoid be of constant area, their 


Ex, 8, If central plane sections of an 
planes touch a cone of the second degree. 


100 PLANE SECTIONS, 


Let the area be E ; and let the equation of one of the panes be 


le+my+nz=0, 
Then we have 


mabe mabe 
VGPEUREPSE)- a 
aD Um cnt a; 
(a? - 2?) P+ (1 — d2) may. (c? - d*) n?=0, 
the plane la+my+nz=0 always touches the cone 


zi y? " 
azat prat ap 


or 


This shews that 


117. We can find, by the method of Art. 115, the area 
of a central plane section of the surface whose equation is 
as? + by? + 


e+ 2fyz + 2gzaz + 2hay = 1. 
For the semi-diameters of length r are generating lines of 
the cone whose equation is 


1 1 1 
(a2) a+ (o -a)r (o - =) 24 2fyz + 2gzz + hay =0. 
When r is equal to either semi-axis of the section of the 
surface by the plane 
le + my + nz = h 


the plane will be a ee plane of the cone, The condition 
of tangency gives, for ¢ 


e determination of the semi-axes, the 
equation 
tae h l| 
p D J, =0. 
1 

h, mih TA 

gs fi , c— 1 $4 N 

l, m, n, 0 

This result may also be obtained b 


y finding the maxi- 


t to the conditions 
zy = 1, and le + my +nz=0, 


mum value of w+ P+ ats pt subjec 


ux + by + oz? 4 2fyz + 2gza + 2], 
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118. To find the directions of the axes of any central 
section of a conicoid. 
Let the equation of the surface be 
az? + by? cz + 2fyz+ 2gze+2hay=1, (| 
and let the equation of the plane be 
la + my + nz —0. 
Then, if P be any point on an axis of the section, the line 
joining P to the centre of the section will be perpendicular 
to the polar line of P in the plane of the section. 
Hence, if P be (E, y, £), and if the direction-cosines of 
the polar line be X, p, v, we have 
NE um VE m Oise (i). 
Also, since the polar line is on both the planes 
a (a +h - gt) +y (E bn + fo) +2 (GE fit =, 
and le + my +nz=0, 
it is perpendicular to the normals to those planes; hence 
À (aE +hy +90) + p (GE bn fO T v(gE fnt cb)- 0...(ii), 


and ALE pm + yn =ne (iii). 
Eliminating A, p, v from the equations (i), (ii), (ii), we 
have E, M t =0. 
a£ 4- hm +g% hE + bn + fe, gE fnt ct 
l m, n 


Hence the required axes are the lines in which the given 


plane cuts the cone whose equation is 
z =0. 


e, y 
az + hy- g^ ha+by+fa ge+fy +o 
th m, n 
119. To find the angle between the asymptotes of any 


plane section of a conicotd. 
Let 6 be the angle between the asymptotes of the plane 


section, and let the semi-axes of the section be a, B. 
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Then tan $= JT; 
E — 40367 
g tan? 0 = CET $ 
This gives the re 


quired angle, since we have found, in the 
preceding articles, the axes of any plane section. 


Ex, 1. Find the an, 


gle between the as 
ax? + by? + c= 


ymptotes of the section of 
1 by the plane lo+my+nz=0. 
The semi-axes are the roots of the equation 


Sa Gera Tt— 0; 
D O a MT 
Dom! nt 
dale (7 Dm 
1 
therefore — tan*g— nn Geb, ) 


c 
(rh +72)? C (B (b c) mera) ni [CE YE M 
Ex.2. To find the'condition that the section of the conicoid 
an ED +234 fyz + Ogre oy 1 
by the plane et my tna may be a rectangular hyperbola, 
The Square of the reciprocal of the semi-diameter whose direction-cosines 
are À, 4, v is given by 


EET 


+ 2fuy + 29A 4- hiu, 
Take any three perpendicular diameters; then we have by addition 
1 IST 
Du rat rati. 
Now, if r, 


7, be the lengths o 

rectangular hyperbola, Ty rai, 
Hence for any semi-diame! 

the plane of a section which i 


any two Perpendicular semi-diameters of a 


ter of the conicoid which is perpendicular to 
8 3 rectangular hyperbola, we have 


pg74*b4c. 
The required condition is therefore 
al? bm? en? 2fmn + 2Qgnl + 2him 


a+b+c=(a4b40) (P+ m+n), 
Ex. 8. Shew that the two lines given thi 
lz my +nz=0 will be at right by 


The lines are the asymptotes of the section of thi oiana 
by the plane lz+my+nz=0. e conicoid az; 
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120. If two conicoids have one plane section in common 
all their other points of intersection lie on another plane. 

Let the equations of the common plane section be 

ax’ + by? + Qhay + 2uz + 2vy c 0 0, 2 — 0. 

The most general equations of two conicoids which pass 
through this conic are 
aa? + by? + Qhay + Qua + Quy +0 + z (lo + my +nz+p)=0, 
and 
ax? + by" + 2hxy + 2Quc + 9uy +0 + z (Ux +m'y mz +p’) = 0. 

It is clear that all points which are on both surfaces, and 
for which z is not zero, are on the plane given by the 


equation : i 3 
l;- my nz4p-lztmytuztp; 


this proves the proposition. 
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191. To find the circular sections of an ellipsoid. 
Since parallel sections are similar, we need only consider 


the sections through the centre. 
Now all the semi-diameters o 
length r are generating lines of the cone w 


nl Ab AE n TZ 
a (75)*r (p-p) + =O 
If there be a circular section of radius 7, an infinite 
number of generating lines of the cone will lie on the plane 
of the section; hence the cone must be two planes. This 
will only be the case when r is equal to a, or 8, or c. s 
If r=a, the two planes pass through the axis of c, their 


equation being j 1 
1 2 =) = oe i . 
sh- G-z=° m Jet 


f the ellipsoid which are of 
hose equation is 
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The equations of the other pairs of planes are respectively 


# (3-5) «e (-1)-o D. M. 


and a (5 -er (- 2) E (ii). 


Of these three pairs of planes, two are cuum For, 
& LT 
if a, b, c be in order of magnitude and 


J 

mas 3-3 have 
' p a e a 

the same sign, and therefore the planes (i) are imaginary ; 

for a similar reason the planes (iii) are imaginary. Hence, 

ections of an ellipsoid pass 


and their equations are 


"viles DEEP NAG: =) Giv). 


Since all parallel sections are s 
systems of planes which cut the ellipsoid in circles, namely 
planes parallel to those given by the equation (iv), 
I 


=c the two planes which give circular sections are- 
coincident, 


imilar, there are two 


122. If the surface be an hyperboloid of one sheet, we 
must change the sign of (s in the equations of the last 
Article. In this case the planes which pi 

Sections are thoso given by equations (i), a being supposed to 
be greater than b, 

If the surface be an hyperboloid of two sheets, we must 

change the signs of 3? and €. In this case the planes which 
give the real circular Sections are those given by equation 
(ii), b being Supposed to be numerically greater than c. 
123. If a series o 
of the central circular ellipsoid, these planes 
Will eut the surface in circles Which become smaller and 
smaller as the planes are drawn farther and farther from 
the centre; and, when the plane is drawn so as to touch the 
ellipsoid, the circle will be indefinitely small, 


f planes be dra; 


5 wn parallel to either 
Sections of an 
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Der. The point of contact of a tangent plane which cuts 
a surface in a point-circle is called an umbilic. 

124, Any two circular sections of opposite systems are on 
a sphere. 

The circular sections of the ellipsoid are parallel to the 
planes whose equations are 


2E DerG- 
Hence ea/(3-p) +e (8-3) * 279 
and e / (5-5)- «(87 2) *179 


aro the equations of the planes of any two circular sections of 
opposite systems. 
T'he equation 


Si e- De E24 
t J 6-3)» 6-2)*3- 0, 


is, for all values of à, the equation of a conicoid which passes 

through the two circular sections; and, if à — 1, the equation 
represents a sphere ; which proves the proposition. 

195. We can find the circular sections of the paraboloid 

a 

a 

by writing the equation in the form 


2 
+% = 2, 


IN 
lgeyez- 2az) 4 y (5-3) ades 
It is clear that the two planes given by the equation 
EDEN 
"acea 
cut the paraboloid where they cut the sphere whose equation 
is aq gy! z-2a2-0; 
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and, since the plancs must cut the sphere in circles, they will 
cut the paraboloid in circles. 


We can shew in a similar manner that the planes given 
by the equation 
(LD 2 
i @ ET H 


will give circular scctions of the paraboloid. 


Of the two pairs of planes given by the equations 
Lo UOTE R(l 1 2 
e (3-5) -35% mdy (5-3) -2 =0, 
one will be real, if a and b are of the same sign; but both 
pairs of planes will be imaginary if a and b are of different 
signs, so that there are no circular sections of a hyperbolic 
paraboloid, * 


Ex. 1, Shew that the conicoid whose equation is 


(442) 27+ (B+) VF (C43) 2-1, 

has the game cyclic planes for all values of A. 
Ex.2. Shew that no two parallel circular 
is not a surface of revolution, are on a Sphere, 
Ex.3. Find the circular sections of 
ax? + by? + cz? 
All semi-diameters which are 

whose equation is 


sections of a conicoid, which 
the conicoid whose equation is 
+ 2fyet Qgzx+ hry =1, 
of length r are generating lines of the cone 
a-%) a+ (0-2 yt (e- Dy oe 49, 2hay=0... (1). 
E 7 pi J* t 2fyz+ 9gzz + 2hay=0... 


If therefore r is the radius of a circular section the cone must be two 
planes. The condition for this is E 


r 
mer? C MUS SUA a h 
h, U i 
9, Sy c-l 
= 
If we substitui 


ute in (i) any one of the roots o 
the equation of the corresponding planes 


am 

Ex.4. Find the real circular sections 
(i) 44 2, 
(i) 222 + 5y?~ 3224 4xy=1, 

not strictly true: 


1 a section through an enerating line by à 
to the axis of the Surface is a eine of ERE madita 


f the equntion (ii), we shall 
of circular section, 


* This is 
plane parallel 
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«ins. (i) planes parallel to 
Gi pl fa (z+y-2)(z-y+2:)=0. 
ii) planes parallel to n 
(z-- 2) - 42—0. 
Ex. ő. Find the conditions that the plane 
lx+my+nz=0, 
may cut the conicoid 
ax? +by?+ cz" + 2fyz + 2gzz + 2hry=1 
in a circle. 
As in Ex, 3, the equation 


(2-3) a (0 -3)y+(e-3) zi Ofys + 2gzz 4 2hxy =0 


must, for some value of y, be two planes of which the given plane is one. 
The equation must therefore be the same as 


£2 1 y 1 z ON 
(lz + my +nz) f (2-3) +4 (0-3) +5 (-3)] =0, 
By comparing the coeflicients of yz, zz, zy we have 


O OE 


and two similar equations. 
Hence the required conditions are 
bn? 4em- 2fmn _ cl?+an?—Qynl _ am? + bp -2nlm , 
mim T "i 


ng Bm: 
196. We will conclude this chapter by the solution of 


two examples. 
i fixe i icoi. tions of. 
Ex.l Witha d point O on a conicoid as vertex, and plane seci 
the conicoid for bases, QUIA are described; shew that the cones arat by any 
plane parallel to the tangent plane at O in a system of similar conics, 


(Chasles.) j 
. The equation of a conicoid, referred to three conjugate diameters as axes, 
is of the form 
LE y 
Bpod 


Hence the equation, referred to parallel axes through the extremity of one of 


the di i 
he diameters, will be peppy de eh 

atnt'a e à 
Thi i ke for the equation of the surface, the common vertex of the 
Gites hine anaes Let lz +my+nz=1 be the equation of any plane 
section; then the corresponding cone wi be 

gy L8 my tnz)=0. 

Stptate (Iz my +n2) 
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The section of this cone by the plane z— Kk is clearly similar to the conie 


which proves the proposition, 


Ex. 2. With a fized point O on a conicoid for vertez, 
of the conicoid for base, a cone is described 
three perpendicular generating lines, the plan 
in a fixed point; and (ii) that if the normal 
plane base will meet the tangent plane at O i; 


and a plane section 
; shew (i) that if the cone have 
e base will meet the normal at O 
at O be an azis of the cone, the 
n a fixed straight line. 

The most general equation of a conicoid, when the origin is on the 
surface and the plane z=0 is the tangent plane at the origin, is 


ax? + by? +224 Sfyz-2gzz + Whey +22=0. 
The equation of the 


cone whose vertex is the origin, and which passes 
through the points of int 


ersection of the conicoid and the plane 
le+my+nz=1 


is x + by? Ec! + fyz + 2gez+ Ihry + 22 (z+ my +nz)=0, 
Now the con 


i dition that the cone may have three perpendicular generating 
anes 18 


a+b+c+2n=0 [Art. 109]. 

, This shews that the intercept on the axis of = is constant; which proves 
(i). The conditions that the axis of z may be an axis of the cone are 
[See Art. 60] g+l=0, and f+m=0. Hence the plane meets the axes of æ 
and y in fixed Points; which proves (ii 


i). 
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4. Shew that the axes of plane sections of the conicoid 


2 3 

ax y = 
stat 
CAES c 


which pass through the line 


lie on the cone whose equation is 


26 -26-3*96-36-2*26- 56-2" 


5. If through a given point (a, Yə 2,) lines be drawn each 
of which is an axis of some plane section of ag + by’ +c? — 1, 
such lines describe the cone — 


a (b — c) 


c Yo Y 
rer A recap b) 


6. If the area of the section of 


be constant and equal to a’, the locus of the centre is 


2 QA s 
e (145593) -sis(25- 7-7) ‘ 


7. Tf a conic section, whose plane is perpendicular to a gene- 
rator of a cone, be a circle; the corresponding projection of the 
reciprocal cone is & parabola. 

8. Shew that the principal semi-axes of the normal section 
of the cylinder which envelopes Uic'a? + c'a^y* + ab’ = abc, and 
whose generating lines are parallel to 


QU RS 
~=*=-, 
are the values of r given by 
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9. Shew that the section of 


by the plane le + my +nz=0 isa rectangular hyperbola, if 


(0° — c) ? + m? — nic? = 0, 
10. Shew that all plane sections of 


moy 

CE 
which are rectangular hyperbolas, and which pass through the 
point (a, B, y), touch the cono 


(-* (-By e- 
a b 


ll. Find the locus of the vertices of all parabolic sections 
of a paraboloid, whose pl 


anes are at the same distance from its 
axis, 


12. Shew that, if the plane læ + my + nz=p cut the surface 


ax + by? ec —] in a parabola, the co-ordinates of the vertex 
of the parabola satisfy the 


equation 
ae ING by Al cz/l 1 
E 02-0 


13. The 


f area of the section of (abcfiasyay! = 1 by the plane 
which passes through the extremities of its principal axes is 


2r a+b+e 
3/3 ~v e. 
14. A cone is described with Vertex (f, g, h) and base the 
section of the surface az? + by" + c= lm 


c =lmade by the plane s=0 ; 
shew that the equation of the plane in which this cone again meets 


a (af + bg* 4. of? 1) 2 9/ (af bgy + che — 1) 
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15. Shew that the foci of all parabolic sections of 


Ud 


lie on the surface 
ZN 


Oy Nan A DZ 
(-£-5 +4) -FG 8) 
16. Circles are described on a series of parallel chords of u 


fixed circle whose planes are inclined at a constant angle to the 
plane of the fixed circle. 

Shew that they trace out an ellipsoid, the square on whose 
mean axis is an arithmetic mean between the squareson the other 
two axes. 

17. Shew that if the squares of the axes of an ellipsoid 
are in arithmetical progression the umbilici lie on the central 
circular sections ; if they are in harmonic progression the circular 
sections are at right angles; if they are in geometrical progression 
the tangent planes at the umbilici touch the sphere through the 
central circular sections. 

18. Points on an ellipsoid such that the product of their 
distances from the two central circular sections is constant lie on 
the intersection of the ellipsoid with a sphere. 

19. If the diameter of the sphere which passes through two 
circular sections of an ellipsoid be equal to its mean diameter, the 
distances of the planes from the centre are in a constant ratio. 

20, A sphere of constant radius cuts an ellipsoid in plane 
curves; find the surface generated by their line of intersection. 

91. The hyperboloid a* + y^ — 2 tan'a =a’ is built up of thin 
circular discs of cardboard, strung by their centres on a straight 
wire. Prove that, if the wire be turned about the origin into the 
direction (J, m, n), the planes of the discs being kept parallel 
to their original direction, the equation of the surface will be 

(nz — l) + (ny — ma) =n? (2 tan’ a + a’), 
plane sections of an ellipsoid be 
taken, and on any sections as base a right cylinder be erected, 
shew that the other plane section, in which it meets the ellipsoid, 
will meet the plane of the base in a straight line whose locus will 


be a diamotrál plane of the ellipsoid. 


29. If a series of parallel 
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23. Any number of similar and similarly situated conics, 


which are on a plane, are the stereographic projections of plane 
sections of some conicoid. 


24, The tangent plane at an umbili 
cone in a conic of which the umbilicus 
section of the plane of contact and the 


25. The quadric aa? + by? + c — 1 is turned about its centre 
until it touches a's? Hby dsl along a plane section. Find 
the equation to this plane section referred to the axes of either 
of the quadrics, and shew that its area is 


oe eee 
Jena AET, 
E abc — w'b'c' 


cus meets any enveloping 
is a focus and the inter- 
tangent plane a directrix. 


CHAPTER VI. 


GENERATING Lives or Conicorps. 


127. In cones and cylinders we have met with examples 
of curved surfaces on which straight lines can be drawn 
which will coincide with the surface throughout their entire 
length. 

Ao shallin the present chapter shew that hyperboloids 
of one sheet, and hyperbolic paraboloids, can be generated, 
by the motion of a straight line; and we shall investigate 
properties of those surfaces connected with the straight lines 
which lie upon them. 


Der. A surface through every point of which a straight 
line can be drawn so as to lie entirely on the surface, is 
called a ruled surface; and the straight lines which lie upon 
it are called generating lines. 

A ruled surface on which consecutive generating lines 


intersect, is called a developable surface. j 
A ruled surface on which consecutive generating lines do 


not intersect, is called a skew surface. 
128, To find where the straight line, whose equations are 


ees =r 


meets the surface whose equation is F (z, y, z) = 0, we must 
substitute a + lr, B +mr, and y+nr for x, y, z respectively, 
and we obtain the equation F (a +lr, B +mr, y + nr) =0. 

5. S. G, 5 


i GENERATING LINES. 


If the surface is of the %® degree, the equation for finding 
r is of the k™ ed ; hence any straight line meets a surface 
e k™ degree in k points. 
s ae however, for adj particular straight line, all the co- 
efficients in the equation for r are zero, that equation will be 
satisfied for all values of r; and therefore every point on that 
straight line will be on the surface. Since there are b 1 
terms in the equation of the jt degree, it follows that 
k+1 conditions must be satisfied in order that a straight line 
“may lie entirely on a surface of the 4 degree. 4 
Now the general equations of a straight line contain Jour 
independent constants, and therefore a straight line can be 
made to satisfy four conditions, and no more. 


It follows therefore, that, if the degree of a surfuce be 
higher than the third, no straight line will, in general, lie 
altogether on the surface, For special forms of the equations 
of the fourth, or higher Orders, we may however have 
generating lines; for example, the line whose equations are 
y —mz and z = m’ will, for all values of m, lie entirely on the 
surface whose equation is zz? = 7! 

If the e 


1 can be satisfied, and there will be a 
finite number of solutions, The actual number of straight 
lines co or Imaginary) wh 


Í 1 ditions to be satisf 
straight line may lie enti el 


129. A generating line on an 
1 | lin Y surface touches the 
surface at any point O of its length, for it passes through a 
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point of the surface indefinitely near to O; hence the tangent 
plane to any surface at a point through which a generating 
line passes will contain that gencrating line. 


130, The section of a conicoid by the tangent plane at 
any point through which a generating line passes, will be a 
conic of which the generator forms a part; the conic must 
therefore be two straight lines. 

Hence, through any point on a generating line of a 
conicoid another generating line passes, and they are both in 
the tangent plane at the point. 

The two generating lines in which the tangent plane to a 
conicoid intersects the surface are coincident when the conicoid 
is a cone or a cylinder, 


181. Since any plane section of a conicoid is a conic, any 
plane which passes through a generating line of a conicoid 
will cut the surface in another generating line; and both 
generating lines are in the tangent plane at their point of 
intersection. Hence, any plane through a generating line of 
a conicoid touches the surface, its point of contact being the 
point of intersection of the two generating lines which lie 
upon it. 

182. To find which of the conicoids are ruled surfaces. 

If a conicoid have one generating line upon it, and we 
draw a plane through that generating line and any point 
P of the surface, this plane will cut the surface in another 
generating line, which must pass through P. / 

Hence, if there be a single generating line on a conicoid, 
there will be one, and therefore by Art. 130, two generating 


lines, through every point on the surface. He 
We can therefore at once determine whether a conicoid 


is or is not a ruled surface, by finding the nature of the inter- 
section of the surface by the tangent plane at any particular 


joint. 

r The equation of the tangent plane at the point (a, 0, 0) of 
E] 

the conicoid A + " += lis z—2a; this meets the surface 
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in straight lines whose projection on the plane «=0 are 
S 


given by the equation + ^ S 0. These lines are clearly 


i y i heet, and 
l when the surface is an hy perboloid of one sheet, an 
Puy when the surface is an ellipsoid, or an hyperboloid 
of two sheets. i 
Hence the hyperboloid of one sheet is a ruled surface. 


The hyperbolic paraboloid is a particular case of the 


hyperboloid of one sheet; hence the hyperbolic paraboloid is 
also a ruled surface. 


This can be proved at once from the equation of the 
paraboloid. For, 


the tangent plane at the origin is z =0, ana 

this meets the paraboloid ax‘ +by’+2z=0 in the straigh 
lines given by the equations ax* -+ by? = 0, 2=0; tho lines 
are clearly real when a and b have different signs, and are 
imaginary when a and b have the same sign, 
Hence an hyperboloid of o 
bolic paraboloid as a particular 
in addition to a cone, a cylinder, and a pair of planes. 


133. To shew that there are two 
lines on an hyperboloid of one sheet. 
Since any p 


plane at any point P on an h 


ne sheet (including an hyper- 
case) is the only ruled conicoid 


systems of generating 


pass through any 
Now no two of the 
generator can themsel 
be three generating 
since every plane sect 


Senerating lines which mect the same 
ves Intersect, for otherwise there woul 


lines in a plane, which is impossible, 
10n 18 a conic, 
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other system intersect PA, but do not themselves intersect. 
Since the position of P is arbitrary it follows that every 
member of one of the two systems of generating lines meets 
every member of the other system. 


184, Ifa straight line intersect a conicoid in three points, 
it will entirely coincide with the surface; and hence, to have 
2 generating line of a conicoid given, is equivalent to having 
three points given. 

To have three non-intersecting generating lines given is 
therefore equivalent to having mine points given, so that 
[Art. 50] three rion intersecting generators are sufficient to, 
determine the conicoid on which they lie. 

If a line meet three non-intersecting lines, it wil meet 
the conicoid of which they are generators in three points, 
namely in the three points in which it intersects the three 
lines; and hence it must itself be a generator of the surface. 
Hence, the straight lines which intersect three fixed non- 
intersecting straight lines are generators of the same system 
of a conicoid, and the three fixed lines are generators of the 
opposite system of the same conicoid. [See Art. 49, Ex. 2] 

135, Since any line which meets three non-intersecting 
straight lines is a generating line of the conicoid on which 
they lie, it follows that the only lines which meet the three 
lines and which also meet a fourth given straight line are 
the generators of the surface, of the system opposite to that 
defined by the given lines, which pass through the points 
where the conicoid is met by the fourth given straight line. 
But the fourth straight line will meet the conicoid in two 
points only, unless it be itself a generator of the surface. 

Hence two straight lines, and two only, will, in general, 
meet each of four given non-intersecting straight lines; but if 
the four given straight lines are all generators of the same 
system of a conicoid, then an infinite number of straight 
lines will meet the four, which will all be generators of the 
opposite system of the same conicoid. 

Ex. 1. Two planes are drawn, one through each of two intersecting 
generating lines of a conicoid; shew that the planes meet the surface in two 


other intersecting generating lines. 
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Ex. 2. Shew that the plane throu, 
generating line, will cut the sur! 
touch the asymptotic cone. 


igh the centre of a conicoid and any 
face in a parallel generating line, and will 


Ex, 3. A conicoid is described to pass through two non-intersecting given 
lines and to touch a given plane. Shew thatthe locus of the point of contact 
is a straight line, 


given plane in the points 4, B respectively. 
Then, the given plane will cut the surface in two generating lines, one 


the given lines; hence, since the points or 


B, the point of contact must be on the 
line 4B, 

Ex. 4. The lines through the angular points of a tetrahedron perpen- 
dicular to the Opposite faces aro Generators of the same system of a 
conicoid. 


Let 44’, BB’, cc’, Dp’ be the four perpendieulars, and let a, B, y, à bo 


the orthocentres of. the faces opposite to 4,B,0,D respectively, "Then, it is 
easy to prove that the lines through a, 


B, y, 8 parallel respectively to 
Ad’, BB’, CC’, DD will meet all the four perpendiculars, Since the four 
Perpendiculars are met by more than two straight lines, they are generators 
of the same system of a conicoid; and the four parallel lines through 
a, B, Y, ò are generators of the opposite system of the same conicoid, 
ctilineal quadrilateral 4 


BCD be traced on a conicoid, the 
centre of the surface is on the straight line 


which passes through the middle 


section of the tangent 
Let ABCDEF be the h 
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the points 4, B, C, D; 4’, B', C', D' and A", B", C", D” respectively. Then, 
the four planes through A"DB"C"D" and the fixed generators cut all other 
straight lines in a range of constant cross-ratio [Art. 36]; we therefore have 


(4'B'C'D'] - {ABCD}. 

Ex. 8. The lines joining corresponding points of two homographic 
systems, on two given straight lines, are generating lines of a conicoid, 

136. To find the angle between the two generating lines 
through any point of an hyperboloid. 

The section of an hyperboloid of one sheet by the 
tangent plane at any point is similar and similarly situated to 
the parallel central section. Hence the generating lines 
through any point are parallel to the asymptotes of the 
parallel central section. Let the equation of the surface bo 


and let f, g, be the co-ordinates of the point P through 
which the generating lines pass. 

Let a’, 8? be the squares of the axes of the central section 
which is parallel to the tangent plane at P, and let 0 be the 
angle between the generating lines through P. 


6. v. ie 
Then tan5= Sri, 
and therefore 
aß 


tn6-9V-la ge 
Now the sum of the squares of three conjugate semi- 
diameters is constant, and also the parallelopiped of which 
they are conterminous edges. Hence 

dag OP? =a7+0'—c’, 
and «Bp — J —1. abc. 


Hence we have 
abc 


ten = 2, th —¢—0P) 
197. We can write the equation of an hyperboloid of one 
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shect in such a way as to shew at once the existence of 
generating lines. For, the equation 
a y 2 1 
ON a m 
is equivalent to 
CU T 
aa 
and it is evident that all points on the line of intersection of 
the planes whose equations are 


atp. feld 
ame b c 


are on the surface; and by giving different values to à we 
obtain a system of straight lines which lie altogether on the 
surface. The generating lines of the other system are 
similarly given by the equations 
ee Nye ce at =) 
a c Mp, "uei b/* 
We can find in a similar manner the equations of the 
generating lines of the paraboloid 
a? i 


1 
a pate 


The equations of the Benerators of one system are 


a | Um 
and of the other system 
me LA! 
ap^? amb x 
188. The equations of the Sencrating lines which pass 
through any poi i 


obtained in the following ma 


: Y point on the surface can be 
expressed in terms of two variables ô and $, where 
7 =a cos Ü sec $, 


| — b sin Osce d, and z— c tan $. 
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This is seen at once if we substitute in the equation of 


the hyperboloid. 

The two generating lines through the point P are the 
lines of intersection of the surface and the tangent plane at 
P. Now, the equation of the tangent plane at (0, ¢) is 


v y. z 
40s 8 sec p +Y sin 8 see p= tan =1; 


hence the tangent plane meets the plane z=0 in the 
line whose equations are 


z cos Ó + Zsin 0 2: cos $, s =0.........(1), 

If this line meet the section of the surface by z=0 in 
the points A, D, whose eccentric angles are a, 9 respectively, 
we have from (i) 

Dm ERR et, 


2 


or & — 0-- ó, and 8—6— 6 .........(ii). 
Now AP, BP are the generators through 7; hence from 
(ii), 8 + is constant for all points on the generator AP, and 
b — à is constant for all points on the generator BP. 
The direction-cosines of AL are proportional to 
a(cosz—cos Üsec )), b(sina—sin8seed), —etand; 
or proportional to 
0080+ d) cos  — cos 8 , pala (8 + d) cos $ — sin o 
sin $ sin $ 
or to asin(@+¢), —b cos (0 + $), c; 
hence the equations of A are 
z—acosÓsecó y—bsin@sccd _z—ctang 
asin(@+¢)  —b cos (0 + $) c 
Similarly the equations of BP are 
a—acosOsecd  y— bsinÜsecó _z—ctang 
asin(Q—¢) —bcos(0— Q) =c 
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| 
Con. The equations of the generators, through the point | 
on the principal elliptic section whose eccentric angle is 6, | 
are ` 
acon Gy bang is 
asn@ ^ —bcosü "gg 
These equations may also be obtained as follows: 
The line whose equations are 
Bruce y gne ge. 
COUP xx eri 


will mcet the surface, where 


(a cos 0 + lr)? E (b sin 8 + mr)? ue 
a b? e 


Hence, in order that the strai: 


ght line may be a generating 

line, we must have 

a mi nê 

atp eno | 
Exi Ico 0 | msind _ 9 | 

a b 

PN i 
Whence £ 


The equations of the generators are therefore 


Zc 9 y—bsing _ 


z 
asin Ó 


—bco8 "t. 


139. To 


i find the equations 
To 


f of the generating lines 
ugh any point of a hyperbolic UU SOS 

Let the equation of the paraboloid be 

a oy 

um 22, 
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Let the equations of any line be 
Bead ceri 
Iz eS mui a 

The points of intersection of the line and the surface are 
given by the equation 

(xir) (8+mr)? 

Eam - t — 2 (y nr). 
Hence, in order that the straight line may be a generating 
line, we must have 


Bom Á 
a-y’ n A (i), 
PEDE CO 
a 2 4 
and a p 09e D. 


The equation (iii) is satisfied if (a, B, y) be any point on the 
surface; from (i) we have! = +”, and, substituting in (ii), 


we obtain 


Hence the equations of the two generating lines through 


the point (a, B, y) are 
prt eld AE ooa 


a xb 2.8 
b 


It is clear from the above that any generator of the 
paraboloid is parallel to one or other of the two planes 


iil 
sepas 
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jecti ing lines of an hyper- 

that the projections of the generating | 
COSS ed SESS are tangents to the principal sections. "E 
The tangent plane at any point P on a principal section is perpendicula 


to that section. Hence the projection on the principnl plane of any line in 
the tangent plane at P is th 


i ich is i inei lane. 
e tangent line which is in the principal p 
This proves the proposition, since ‘the generating lines through P are in the 
tangent plane at P. 


Ex, 2. Find the locus of the point of intersection of perpendicular 
generators of an hyperboloid of one sheet, m 
If the generating lines at any point P are at right angles, the pera es 
central section is a rectangular hyperbola, and therefore the sum o d 
Squares of its axes is zero. But tho sum of the squares of three ong S 
semi-diameters of the hyperboloid is constant and equal toa?+l2-c*, Hen 
OP =a?+ pg. so that the points are all ona sphere. t 
This is the result we should obtain by putting tan ð=% in the result o 
Art. 136. We could also find the locus by using the equations of Art. 138. 
Ex. 3. Find the 


angle between the Generating lines at any point of 
a hyperbolic paraboloid. 


The result is obtained at once from equations (iv), Art, 139. The gone: 
rators are at right angles, if 
2 
a-n = B i-o, or if 2y c at - 9250, 
Thus generators Which are at right angles meet on the plane z=} (L° - a°). 
Ex. 4. A lino moves so as always to intersect three 
which aro all parallel to the same plane: shew that it Ee! 
paraboloid, 


Ex. 5. A line moves 80 as always to intersect twi 
and to be parallel to a given plane: shew that it 
paraboloid. 


given straight lines 
nerates a hyperbolic 


0 given straight lines 
Generates a hyperbolic 
Ex. 6. AB and 


CD are two finite non- 
that the lines which 


D g intersecting straight lines; shew 
divide 4B and CD in th 


e same ratio are generators of 
one system of a hyperbolic Paraboloid, and that the lines which divide 4C 
and BD in the same ratio are generators of 
paraboloid. 


the opposite system of the same 
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1. A straight line revolves about a fixed straicht line, find 
the surface generated, ES 


2. If four non-intersecting straicht lines be gi hew that 
the four hyperboloids whi 7 Po. 


ich can be described, one through each 
sct of three, all pass through two other Straight lines, 
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3. Find the equation of the conicoid, three of whose generat- 
ing lines are x=0, y=a; y=0, z=a; z—0, z—a. Shew that it 
is a surface of revolution, and find the eccentricity of its meridian 
section. 


4. Find all the straight lines which can be drawn entirely 
coinciding (i) with the surface y'—2'— 3a^z; and (ii) with the 
surface y*—z* — 4a'a. 

5. Normals are drawn to an hyperboloid of one sheet at 
every point through which the generators are at right angles; 
prove that the points, in which the normals intersect any one of 
the principal planes, lie in an ellipse. 

6. Given any three lines, and a fourth line touching the 
hyperboloid through the three lines, then will each one of the four 
lines touch the hyperboloid through the other three lines. 


7. A line is drawn through the centre of az? b^ - cz! - 1 
perpendicular to a plane containing two parallel generators. Shew 
that such lines generate the cone 


8. Iftwo generators of an hyperboloid be taken as two of the 
axes of co-ordinates shew that the equation of the surface is 
of the form 
2! + Uys  9gzz + Qhary + 2wz — 0. 


9. The generators through any point R on a ruled quadric 
intersect the generators at a fixed point O in P and Q. Shew 
that if the ratio OP : OQ is constant, Z lies on a plane section of 


the quadric which passes through 0. 


10. Find the locus of a point on an hyperboloid the genera- 
tors through which intercept on two fixed generators portions 
whose product is constant. 


1l. If all the generators to an hyperboloid of one sheet bo 
projectel orthogonally on the tangent plane at any point, their 


envelope will be an hyperbola. 
12, Find the equation of the locus of the foot of the perpendi- 
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cular from the point (a, O, O) on the different generating lines 
of the surface 


z. # 


a ace 
13. Prove that the product of t 


any generator makes with the 
constant, 


14 If CP, CD be conjugate semi-diameters of the principal 
elliptic section, and generators through P and D meet in T, prove 
that P 2 CD" + ce, TD'=0P' +o 


p: 
+3- 


he sines of the angles that 
planes of the circular sections is 


15. If two generators drawn from OQ intersect the principal 
ellipse in points P, P" , at the ends of conjugate diameters, then will 
OF + 0p^-gi4 b + 20%, 

16. Tke angle between the generating lines through the point 
2 Li 
(zyz) of the quadric ee z +z =l is cos à Eh, where Aj, Ày 
àre the roots of the equation VINE 
e y 2 
ACE r ae eee 
a(a+r)~ b (6 +A) €(c- A) 
lT. Shewthatthe Shortest distances between generating lines 
of the Same system drawn at the extremities of diameters of the 
principal elliptic section of the hyperboloid, whose equation is 
a 2 a 
Vane 
‘ at Up = 1, 
lie on the surfaces whose equat; 


0. 


ions are 


1 CHE, 

; zi m) = a "i 

d iu me jquations of the surfaces of revolution panes 
s through the lines —mnze0zz.- r= Q= and 

also through the origin, 4 TO Ugs O 
19. The locus of 

generators are 

with the sphere 


2^ points on (apogr) (zyz) -1 at which the 
at right angles is € intersection of the surface 


‘a hy g 
hob J| (+9 +24) peius 

= *ab-f*.g An 
p 25 c n y 4 
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20. Having given two generating lines that intersect and two 
points on an hyperboloid, shew that the locus of the centre is 
another hyperboloid bisecting the straight lines joining the two 
points to the intersection of the generators. 

21. Shew that the volume of every parallelopiped which 
can be placed so that six of its edges lie along six of the generators 
of a given hyperboloid of one sheet is the same. 

29. A solid hyperboloid has its generators marked on it and 
is then drawn in perspective: shew that the points of intersection 
of the representatives of consecutive generators of the same system 
will lie on an hyperbola. 

23. If two points P, Q be taken on the surface 

z y TET 

at Boe (x +5)=h 
such that the tangent planes at those points are at right angles to 
one another, then will the two generating lines through P appear 
to be at right angles when seen from Q. 

24. If two conicoids have a common generator, two of their 
common tangent planes through that generator have the same 
point of contact. 

25. If AOA’, BOB', COC’ be any three straight lines, the 
lines AB, CA’ BC’ are generators of one system, and A'D’, 
C'A, BC are generators of the other system, of the same hyper- 
boloid. 

26. Deduce Pascal’s Theorem from Dandelin’s Theorem. 
[Ex. 6. Art. 135.] 

27. If from any point on a hyperbolic paraboloid perpen- 
diculars be let fal! on all the generators of the surface of the same 
system, they will form a cone of the second degree. 

28. If from any point on the surface of an hyperboloid of one 
sheet perpendiculars be drawn to all the generators of the same 
system, they will form a cone of the third degree. 

29, The normals to a conicoid, at all points of a generating 
line, lie on a hyperbolic paraboloid. 

30. In every rectilinear octagon ABCDEFGII which is on 
a conizoid, the eight lines of intersection of the tangent planes at 
4, D; A, F; G, B; G, D; E, H; E, D; C, F; C, H are all 
generators of another conicoid. Also the lines AD, AF, GB, GD 
WE, UC, CF, EB are all generators of another conicoid, 1 
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140. Since the gencral equation of the second degrce 
contains nine constants, it follows that a conicoid will pass 
through any nine points, and that an infinite number of 
conicoids will pass through eight points. 

If S=0, and S’=0 Tepresent any two conicoids which 
pass through eight given points, then the equation 
S+AS'=0 will be of the second degree, and will therefore 
represent a conicoid, and it is clear that the conicoid 
S-F AS' =0 will pass through all points common to S — 0 and 
S'—0. Also, by giving a suitable value to A, the conicoid 


Since the conicoid $4 AS'—0 not only passes through 
the eight given points, but also through all points on the 
curve of intersection of S=0 and S'=0, we see that all 
conicoids through eight given Points have a common curve of 
intersection 
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141. Four cones will pass through the curve of inter- 


section of two conicoids. 
Let the equations of any two conicoids be F, (z, y, z) =0 


and F, (zx, y, 2) —0. The equation of any conicoid through 
their curve of intersection is of the form 
F, (x, y, 2) + AF, (@ y, 2) =. 
The above equation will represent a cone, if 
a,*Xa,, lh M4, 9M [EPA 
h 4A, bM, QOEM, n HAN 
gg, M» Sitar 06M w, + MU, 
WM, YAY, W MUSS d, 4 M, 
Since the equation for determining A is of the fourth 
degree, four cones, real or imaginary, wil pass through the 
points of intersection of two conicoids. 


. 142. The vertices of the four cones through the curve of 
intersection of two conicoids are the angular points of a 
tetrahedron which is self-polar with respect to any conicoid 
which passes through that curve. 

Take the vertex O of one o 
let F, (a, y, z) =0 and F, (z, Y» 2) 
two conicoids, Then the equation o| 
form F, (a, y, 2) + AF, (a, y, 2) = 0- 
is at the vertex of the.cone, its equ 
gencous, We therefore have 


=0, 


f the cones for origin, and 
=0 be the equations of the 
f the cone will be of the 

But, since the origin 
ation will be homo- 


Woke 
As LA " 
f the polar plane of O with respect to 


or 


Now the equation o 


any conicoid f 
F, (a, y) z)* pF, (z, Y, z)=0, is 


(u, + pu) æ + (v, - pv) Y + (w, + pw,) 2+ d, + pd, = 05 
and, from (i), it is clear that this polar plane coincides with 
uz uy ud =0 

for all values of p. ; 2 
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Hence O has the same polar plane with respect to all 
conicoids through the curve of intersection of the two given 
conicoids. 

Now the polar plane of O with respect to any one of the 
other cones through the curve of intersection will pass 
through the vertex of that cone, and hence the vertices of 
the other three cones are on the polar plane of O with respect 
to any conicoid through the curve of intersection of the given 
conicoids: this proves the theorem. 


143. If S=0 be the equation of any conicoid, and 


aß —0 the equation of any two planes, then will S —Aa(8 = 0 
be the general equation of a conicoid which passes through 


the two conics in which S=0 is cut by the planes a— 0 
and 8 — 0. 


be supposed to move up to and 
plane B — 0, we obtain the form 


which touch S — 0 where it i 


The surfaces S — A48 — 0 and S=0 touch one another at 


re cut by the line whose equa- 
r at either of these points the 
tangent lines, nainely the tangent 
planes a = 0 and B=0. 

144, All conicoids which 


ass through seven given points 
pass through another fixed pas ig n given y 


Let $,—0, S,=0, $,— 0 be the equations of any three 
conicoids through the seven given points, 
Then the conicoid who 


T se equation is S, .- AS, + pS, =0 
will clearly pass through all mus common d S, £ 0s =0 


» S,=0 have eight common 
the theorem, 1 HAS, uS, =0 ; this proves 


Thus, corresponding to any seven given points there is aD 
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eighth point associated with them, such that any conicoid 
through seven of the points will also pass through the eighth 
point; and it should be remarked that in order that a system 
of conicoids may have a common curve of intersection, they 
must have eight points in common which are not so associated. 


Ex, 1. All conicoids through the curve of intersection of two rectangular 
hyperboloids are rectangular hyperboloids. 

[A rectangular hyperboloid is one whose asymptotic cone has three per- 
pendicular generating lines.] 

The asymptotio cone of a conico 
when the sum of the coefficients of 2%, y? and 
is zero, Now the sum of the coefficients of x°, 
zero, if that sum is zero in S and also in S'. 


id has three generators at right angles 
z* in the equation of the surface 
y? and z? in S+AS'=0 will be 
‘This proves the proposition. 


Ex. 2. Any two plane sections of a conicoid and the poles of those planes 


lie on another conicoid. 

Let az? 4- by? -- cz? - d —0 be the conicoid, and let (z^ y', 
be any two points. The equations of tho polar planes of these pi 
axa’ 4- by! + exe +d=0 and azz" +byy" +cz3" +d=0. 

The conicoid 

A (az? by? cr! d) - (azz' + byy' c czz'- d) (azz" yy + cz? 
is the general equation of a conicoid through the two plane sections, The 
conicoid will pass through (z^, y’, z) if à be such that 

^ (az + by + cs? d) - (az'?+ by? cz? d) (az'z' + by'y" cz" td) - 0, 
orif dears" 4 by'y" * erz" +d. 

The symmetry of this result shews that the conicoid will like 
through (z^, y”, 2”). 


2!) and (z", y", z") 
oints will be 


"+d)=0 


wise pass 


Ex. 8. Through the curve 0) intersection of a sphere and an ellipsoid four 
quadric cones canbe ids A if diameters of the ellipsoid be drawn 
parallel to the generators of one of the cones the diameters are all equal. 
Also the continued product of the four values of such diameters 1s equal to the 
continued product of the azes of the ellipsoid and of the diameter of the 


sphere. 
Let the equations of the ellipsoid and of the sphere be 
Boys 
at P toas 1, 
and (z-a)4 (y - B^ 6-7 


The general equation of a conicoid through the curve of intersection is 


445-1) + (e— af ( - B) (2-7)? -79= 0... D. 


z? 
Mart ia 
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This conicoid will be a cone, if the co-ordinates of the centre satisfy the 


equations ^ 
(142) z-a-0, 
A 
(1+3) 9-0, 
` 
(1+3) z-y-0, 
and 


=at- By —yz+a7+46?472-73-\=0, 
Eliminating z, y, z we have 
aa? v28? A Lay * T i. 
BENT BEAT PEAT 7E Y HPESC.. (i) 
1f, for any particular value of ^, the 


conicoid given by (i) is a cone, the 
equation of tlie cone, when referred to its vertex, takes the form 


A A AN. 
(+à) ux (1«3)e-o; 
and therefore the d 
of the generating 1i 


irection-cosines of any diameter wh 
ines of the cone, satisfy tho equation 
LE NE ao! 
atpta-ci 


ich is parallel to one 


Hence the square of the semi-diameter is constant and equal to - X. 


Hence also the continued produet of the squares of the four values of 
the semi-diameters ig equal to the Product of the four roots of the equation (ii); 
and the product of the roots is easily seen to be abc? 


Let S,=0, S,=0, S,— 


f 0 be any three conicoids through the seven given 
points; then the general equation of the conicoids is 


Si +AS,+4S,=0, 
The equations for the centre are 


ds, 
at MS. ud. o, 


dz 
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Hence the equation of the locus of the centres, for different values of A 


and p, is 


a8, 
dz 


, 


aS, 


dy 
dS, 
dz 


, 


aS, 
dz 
ds, 


dy ' 


dS, 
dz 


; as |=% 


l dz 


which is a cubic surface, since m &c. are of the first degree. 
r3 


Now, to have the centre of a conicoi 
conditions given; hence a conicoid whi 
pass through any siz points. 
points, one conicoid whose ce 
A and through the remaining fi 
middle point of AB, and which goes through 4, mus! 
Thus the middle point of AB is a point on t] 
is the middle point of the line joining any ot 

[Messenger of Mathematics, vol. xut. 


known, and by changing the 
equation may be ma 
The quantities J, m, and n which 
a plane are called the co 


d given, is equivalent to having three 
ch has a given centre can be made to 


Hence, if 4, B be any two of the seven given 
ntre is the middle point of 4B will pass through. 


five points; and a co! 


nicoid whose centre is the 

t also go through B. ™ 
he locus of centres ; and so nlso 
her pair of the given points. 

p. 145, and xiv. p. 97.) 
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145. If the equation of a plane be lz 4- my+nz+1=0, 
then the position of the plane is determined if J, m, n are 


ordinates, when their signs are 
the intercepts on the axes. 


If the co-ordinates of a pla 
the plane will envelope a sur! 


expresses the relation is called 


surface. 


146. If the tangential equatio 
degree, then n tangent 
through any straight line. l € 

y+cz+1=0, aa+b'y+cz+1=0; 


by the equations aa + b 
f any plan 


then the co-ordinates o! 


and 


GA b+Ab' 


planes can 


Fo 


values of J, m and n the 


de to represent any plane whatever. 


| thus define the position of 


-ordinates of the plane. These co- 


changed, are the reciprocals of 


no be connected by any relation, 


face; and the equation which 
the tangential equation of the 


n of a surface be of the x" 
be drawn to the surface 
r, let the straight line be given 


e through the line will be 


c+ FF these co-ordinates be sub- 


EENG 142 


1+2r 
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stituted in the given tangential equation, we shall obtain an 
equation of the n^ degree for the determination of A, which 
proves the proposition, 


Def. A surface is said to be of the n™ class when n 
tangent planes can be drawn. to it through an arbitrary 


straight line. 
147. We have shewn in Art. 57 that the plane 
la+ my +nz+1=0 
will touch the conicoid whose equation is 
aa^ 4 by c2*-+ 2fyz + 2922 4- Qhay + Qua + Quy + 2wz +d =0, 
if AË + Bm? + On? + 2Fmn +2Gnl + 2Hlm 
+2U1+2Vm+2Wn+D=0, 


where A, B, C... are the co-factors of a, b, c... in the dis- 
criminant, 

Hence the tangential equation of a conicoid is of the 
second degree, 


Conversely every surface whose t; 
the second degree is a conicoid. 


148. Since the tangential equation of a conicoid is of the 
sccond degree, which in its most, general form contains nine 
constants, it follows that a conicoi 


angential equation is of 


149. To find the Cartesian co-ordinates of the centre of the 
perenne given by the general tangential equation of the second 
egree. 


The two tangent planes to the co 
to the plane z — 0 are those for whic 
of l are therefore given by the equa: 

Now the centre 


nicoid which are parallel 
h m=n=0. The values 
tion al? + 2ul + d = 0. 

of the surface is on the plane midway 


between these; and hence the centre is on the plane a =F 
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Similarly the centre is on the planes y zT and 1-4 : 


Hence the required co-ordinates are i 5 A [See 


Art. 76.] 

150. We may take the equation of the moving plane to 
be la+my +nz+p=0; and the plane will envelope a surface 
if l, m, n, p be connected by a homogeneous equation; for 
any homogeneous equation in l, m, n, p would be equivalent 


: m n 
to an equation between the constants 275 


p 
=0 for the equation of the 
be the direction-cosines of 


If we take ls -- my - nz p 
plane, we may suppose J, m, n to 
the normal to the plane. 

151. To find the director-sphere of & conicoid whose 
tangential equation is given. 

If we eliminate p between th , 1 
the equation la + my + nz + p = 0, we shall obtain a relation 
between the direction-cosines of any tangent plane which 
passes through the particular point (a, y, 2). The relation 


will be 
al* + bm? + cn? + d (lc + my + nzy + 2fmn+ 9gnl + 2hm 

— 9 (ul + vm + wn) (le + my + nz) = 0. 
If (x, y, z) be a point on the director-sphere, three per- 
pendicular tangent planes will pass through it; the above 
relation must therefore be satisfied by the direction-cosines 
of each of three perpendicular planes. Hence, by addition, 


we have qup 

a+b Lo — 2uz — 2ey — 2uz +d (2+ y 42) =0, 
Which is the required equation of the director-sphere. 

159. If S=0 and S'=0 be the tangential equations of 


any two conicoids which touch eight given penes, then the 
ond degree, and will 


equation S +28’ — 0 will be of the sec DIC Aik 
therefore be the tangential equation of a conicoid; and it is 
clear that the conicoid S FAS — 0 will touch the common 


e equation of the surface and 
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7 1 ; f 
t planes of S — 0 and S' — 0, for if the co-ordinates o 
Ree satisfy the equations S— 0 and S' — 0, they will 
also satisfy the equation S+AS’=0. Also, by giving & 
suitable value to A, the conicoid S--AS' =0 can be made to 


touch any ninth plane: it will therefore represent any coni- 
coid touching the eight given planes. 


183. If S,=0, S,=0, S,=0 be the tangential equations 
of any three conicoids which touch seven given planes; then 
the conicoid whose tangential equation is S, + AS, +5, =0 
will touch each of the seven given planes, for if the co- 
ordinates of any plano satisfy the three equations S, =0, 
S, — 0 and S, —0, it will also satisfy the equation 


S, AS, + uS, — 0. 
Also, by giving suitable values to X and p, 
S, - AS,-- yS, =0 
can be made to touch any two other planes; hence 
S,-- AS, uS, —0 


is the most general equation of a conicoid which touches the 
seven given planes. 


Similarly, if S,=0, S, 
tangential equations of 


the conicoid 


=0, $,—0 and S,—0 be the 
any four conicoids which touch six 
given planes, S, + AS, uS, --vS, — 0 will be the general 
tangential equation of the conicoids which touch those six 
planes. 


Ex. 1, The centres of all conicoids which touch eight given planes are on a 
straight line. 


If S=0 and 3'—0 be the e 


eight given planes, then $+ 
touching them, 


quations of any 
AS'—0 will be thi 
The centre of the conicoid 


two conicoids which touch the 

e general equation of a conico 

is given by 
LUTM O v+ _w+rw’ 

Ode Yaya tT agi 

Eliminating ) we obtain the equation of the centre locus, namely 

r-u _ dy-v _&-w. 

dz-w dy-v^qi-w? 


hence the locus is a straight line, 
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Ex. 2. The centres of all conicoids which touch seven given planes are on 


a plane. 
If S=0, S'—0, S"—0 bo the equations of three conicoids which touch the 


seven given planes, then the general equation of a conicoid which touches the 


planes will Le S4 AS' uS" — 0. 


Ex. 3. The director-spheres of all conicoids which have eight common 


tangent planes have a common radical plane. 
The director-sphere of the conicoid S+AS’ 
abc - 9uz - 2vy - 2wz-& d (zi y* 2") 
+X [aU +o - 9u'z - Quy - Qw'e +d’ (4 yh) =0. 
Ex, 4. The director-spheres of all conicoids which touch siz given planes 
are cut orthogonally by the same sphere. [P. Serret's Theorem.] 


If 0,—0, 0,—0, C,=0 and C,=0 be the equations of any four conicoids 
which touch the six planes; then the general equation of the conicoids 


will be 
C - A0, C, 0,70. 

Now from Art. 151 we sco that the equation of the director-sphero of a 
conicoid is linear in a, b, c, &c. It therefore follows that, if S,=0, $,—0, 
S,-0 and S,=0 be the equations of the director-spheres of the conicoids 
C,=0, G,=0, C,=0 and C,=0 respectively, the equation of the director- 


sphere of Oy A05 iC,» 0,70 
will bo SEM, uS E95 =. 


Now from the condition thst tw 
Ex. 6], it follows that a sphere can a 1 
spheres orthogonally; and it also follows that the sphere which cuts 
orthogonally the four spheres 8,70, S,=0, S,=0 and S,=0, will cut 
orthogonally any sphere whose equation is ‘Sy AS, +HSg+¥S,=0. This 


Proves the proposition. 


Ex. 5. The locus of the centres of conicoit 
have the sum of the squares of their axes given, 


Theorem.] 

By Ex. 4 all the director-spheres of the conicoids are eut orthogonally by 
the same sphere; and the director-spheres have. a constant radius. Hence 
their centres, which are the centres of the conicoids, are on a sphere con- 
centric with this orthogonal sphere. 


z0is 


coids which touch siz planes, and 
is a sphere. [Mention’s 
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154. If we have any system of points and planes in 
space, and we take the polar planes of those points and the 
poles of the planes, with respect to a fixed conicoid C, we 
obtain another system of planes and points which is called 
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the polar reciprocal of the former with respect to the 
auxiliary conicoid C. : : 
When a point in one system and a plane in the reciprocal 
are pole and polar plane with respect to the auxiliary 
conicoid C, we shall say that they correspond to one another. 
If in one system we have a surface S, the planes 
which correspond to the different points of S will all touch 
some surface S' Let the planes corresponding to any 
number of points P, Q, R... on a plane section of S meet 
in T; then T is the pole of the plane PQR with respect to 
C, that is the plane PQR corresponds to T. Now, if the 
plane PQR move up to and ultimately coincide with the 
tangent plane at P, the corresponding tangent planes to S 
will ultimately coincide with one another, and their point of 
intersection 7' will ultimately be on the surface S’. So that 


a tangent plane to the surface S corresponds to a point 
on the surface S', 


í just as a tangent plane to S’ corresponds 
to a point on S. Hence we see tbat S is generated from S 
exactly as S' is from S. 


. 155. Toaline L in one System corresponds the line L 
in the reciprocal system which is the polar line of L with 
respect to the auxiliary conicoid, 

If any line Z cut the surface S in any number of points 

ORR we shall have tangent planes to S' corresponding 
to the points P, Q, R..., and these tangent planes will 
all pass through a line, viz. through the polar line of L with 
respect to the auxiliary conicoid. Hence, as many tangent 
planes to S can be drawn through a Straight line as there 
are points on S lying on a straight line. That is to say the 
class [Art. 146] of S' is equal to the degree of S. Reciprocally 
the degree of S' is equal to the class of S. 

In particular, if S be a conicoid it is of the second degree 
and of the second class; hence S is of the second class and of 
the second degree, and is therefore also a conicoid. i 
156. The reci 


procal of a point which is common to 


two surfaces is a plane which touches both the reciprocal 
surfaces, 
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If two surfaces have a common curve of intersection, 
they have an infinite number of common points; the 
reciprocal surfaces therefore have an infinite number of 
common tangent planes. These common tangent planes 
form a surface: and, since the line of intersection of any 
two consecutive planes is on the surface, it is a ruled 
surface, the generating lines being the lines of intersection 
of consecutive planes. Any one of the planes contains 
two consecutive generating lines, so that two consecutive 
generators must intersect; hence the surface is a developable 
surface, 

If all the points of the curve lie on a plane, all the 
tangent planes to the developable pass through a point; 
the developable must therefore be a cone, Hence the 
reciprocal of a plane curve is a cone. 

. It follows by reciprocation from Art. 144, that all coni- 
coids which touch seven fixed planes will touch an associated 
eighth plane. 

It also follows fro 
touch eight given planes have a 
tangent planes, provided that the eight 
form an associated system. 


m Art. 140 that all conicoids which 
n infinite number of common 
given planes do not 


is usually taken with respect to 
re of the reciprocal surface is in- 
ere, we only require to 
ch is called the origin of 


157. The reciprocation 
a sphere, and since the natu 
dependent of the radius of the sph 
know the centre of the sphere, whi 
reciprocation. 

The line joining the ce 
perpendicular to the polar pl 


ntre of a sphere to any point is 
ane of the point. Hence, if P, Q 
e any two points the angle between the polar planes of 
these points with respect to a sphere 1s equal to the angle 
that PQ subtends at the centre of the sphere. 
rocated with respect to a 
ocal surface which corre- 
h O to the original surface 


.188. If any conicoid be recip! 
point O, the points on the recipr 
spond to the tangent planes throug 
must be at an infinite distance. 
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Hence the generating lines of the asymptotic cone of e 
reciprocal surface are perpendicular to the tangent planes o 
the enveloping cone from O to the original surface. 

In particular, if the point O be on the director-sphere of 
the original surface, that is if three of the tangent planes 
from O be at right angles, the asymptotic cone of the 
reciprocal surface will have three generating lines at right 
angles. qu e. 

Corresponding to a point at infinity on the original 


surface we have a tangent plane through O to the reciprocal 
surface. 


Hence the tangent cone from the origin to the reciprocal 


surface has its tangent planes perpendicular to the generating 
lines of the asymptotic cone of the original surface. 

In particular, if the asymptotic cone of the original surface 
have three perpendicular generating lines, three of the tangent 
planes from O to the reciprocal surface will be at right angles, 


so that O is a point on the director-sphere of the reciprocal 
conicoid, 


159. As an example of reciprocation take the theorem :— 
"If two of the conicoids which pass through eight given 
points are rectangular hyperboloids, they will all be rect- 
angular hyperboloids.” If this be reciprocated with respect 
to any point O we obtain the following, “If the director- 
spheres of two of the conicoids which touch eight given 


planes pass through a point O, the director-spheres of all the 
conicoids will pass thr 


will ough O^ Hence “ the director-spheres 
of all conicoids which touch eight given planes have a com- 
mon radical plane.” 

As another example of reciprocation take the theorem :— 
"A straight line is drawn to cut the faces of a tetrahedron 
ABCD which are Opposite to the angles A, B, C, D in 
a, b, c and d respectively. Shew that the spheres described 
on the straight lines 


t Aa, Bb, Cc, and Dd as diameters have 
à common radical axis,” 


. Let O be a point of Intersection of the spheres whose 
diameters are Aa, Db and Q 


C. lf we reciprocate with 
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respect to O we shall obtain another tetrahedron whose 
faces and angular points correspond respectively to the 
angular points and faces of the original tetrahedron. Corre- 
sponding to the four points a, b, c, d which are on a straight 
line, we shall have four planes with a common line of inter- 
section; and, since a, b, c, d are on the faces of the original 
tetrahedron, the corresponding planes will pass through the 
angular points of the reciprocal tetrahedron ; also since the 
angles AQa, BOb, COc are right angles, the three pairs 
of planes corresponding respectively to a and A, to b and 
B, and to c and C will be at right angles; this shews that 
the line of intersection of the planes corresponding to a, b, c, d 
will meet three of the perpendiculars of the reciprocal 
tetrahedron. But we know [Art. 135, Ex. 4], that every line 
which meets three of the perpendiculars of a tetrahedron, 
meets the remaining perpendicular ; and hence the planes 
corresponding to d and D are at right angles, which shews 
that the angle dOD is a right angle. Hence O is also on 
the sphere whose diameter is Dd. 

Ex. 1. The reciprocal of a sphere with respect to any point is a conicoid 
of revolution. 

Ex. 2. Find the reciprocal of ax*+ by?+ez2=1 with respect to the sphere 
Tyta], Ans. S4Gt gel 
Ex. 3. Show that the reciprocal of a ruled surface is a ruled surface. 

common enveloping cone 


Ex. 4. Sh i nicoids have on 
they also cin wd SORA [The reciprocal of Art. 120.] 
: Ex. 5. Rither of the two surfaces az? 4 by 
espect to the other. 


22 4.92 is self reciprocal with 
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through the same conic, the 


l. When three conicoids pass 
s through the same 


planes of -their other conics of intersection pas: 


line. 


2. Shew that, if the curve o 
cross itself, the conicoids will toucl 
that if the curve of intersection cross 
of two conics, 


f intersection of two conicoids 
| at the point of crossing ; and 
itself twice, it will consist 
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3. Shew that three paraboloids will pass through the curve of 
intersection of any two conicoids. 


4. Shew that a surface of revolution will go through the 
intersection of any two conicoids whose axes are parallel. 


5. Ifaconicoid have double contact with a sphere, tho square 
of the tangent to the sphere from any point on the conicoid is in 
a constant ratio to the product of the distances of that point from 
the planes of intersection. 

6. Any two conicoids which hay. 


€ a common enveloping cone 
intersect in plane curves, 


7. Shew that the polar lines of a fixed line, with respect to a 
system of conicoids through eight given points, generate an hyper- 
boloid of one sheet, 

8. Shew that the 
to a system of conico 
a fixed point, 

9. Shew that the poles of a fixed plane, with respect to d 
system of conicoids which touch seven given planes, lie on a fixe 
plane, 


polar planes of a fixed point, with Pep 
ids through seven given points, pass throug 


10. The polar planes 
conicoids are at ri 


another conicoid. 


auis All conicoids through the intersection of a sphere and 
a given conicoid, have thei 


coni r principal planes, and also their cyclic 
planes, in fixed directiuns, 


of a point with respect to two given 
ight angles; shew that the locus of tho point i8 


12. If O be any point on a conicoid, and lines be drawn 
through O parallel to equal diameters of the conicoid, these lines 
will meet the surface 


on a sphere whose centre ig on the norm: 
at 0. 


i e line joining O to the 
centre of the sphere is i o he pois pine of O with 
respect to the given conicoid. 


14. Shew that, in a system of conicoids which have a common. 
curve of intersection, the 


i the diametral planes of parallel. diameters 
have a common line of intersection, 
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15. If a system of conicoids be drawn through the inter- 
section of a given conicoid and a sphere whose centre is O, the 
normals to them from O form a cone, of the second degree, and 
their feet are on & curve of the third order which is the locus of 
the centres of all the surfaces. 


.. 16. If any point on a given diameter of an ellipsoid be 
joined to every point of a given plane section of the surface, the 
cone so formed will meet the surface in another plane section, 
whose envelope will be a hyperbolic cylinder. 


lT. A cone is described with its vertex at a fixed point, and 
one axis parallel to an axis of a given quadric, and the cone cuts 
the quadric in plane curves; shew that these planes envelope a 
parabolic cylinder whose directrix-plane passes through the fixed 
point. 

18. If two spheres be inscribed in any conicoid of revolution, 
any common tangent plane of the spheres will cut the conicoid in 
& conic having its points of contact for foci. 


19. Tf the line joining the point of intersection of three, out 
of six given planes, to the point of intersection of the other three, 
be called a diagonal; shew that the ten spheres described on the 
diagonals have the same radical centre, and the same orthogonal 
sphere. 
of a tetrahedron which is self 


20. The ci ibing sphere 
Vita otio uts the director-sphere of the 


polar With respect to & conicoid c 
conicoid orthogonally. 


CHAPTER VIII. 


CoxrocaL Coxicorps, Concrcric Coxrcorps, 
Foct or Contcoms, 


160. Conicoids whose principal sections are confocal 
conics are called confocal conicoids. 
The general equation of 


a? y! 1 


z 
a atapata L 
Suppose a, b, c to be in descending order of magnitude. 
À is positive i 


& System of confocal conicoids is 


e surface is an ellipsoid ; 
flatter as X approaches 
€ Whose equations are 

z=0, z wa 


———— 
, 3 


f the confocals, 
If Xis between — ¢? and — J 


the surface is a hyperboloid 
of one shect. When A is ver E 


t y nearly equal to — c, the 
hyperboloid is Very nearly coincident Me part of the 
plane z= 0 which ig exterior to the ellipse E Foe =1. 
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When X is very nearly equal to — 8%, the hyperboloid is 
very nearly coincident with that part of the plane y=0 
which contains the centre and is bounded by the hyperbola 
a 2 f 

EE 

If X is between — l’ and —a?, the surface is an hyper- 
boloid of two sheets. When X is very nearly equal to — b', 
the hyperboloid is very nearly coincident with that part 


of the plane y=0 which does not contain the centre and is 
1 
e 


bounded by the hyperbola a F tsp 
When X is between — a? and — co the surface is imaginary. 
he two conics 


m0. iym 
z=0, gao e i 
a 2 
and = E iy a 
D y=0 e E acp 1, 


which we have scen are the boundaries of limiting forms 
of confocal conicoids, are called focal conics, one being the 
focal ellipse, and the other the focal hyperbola. 

161. Three conicoids, confocal with a given central conicord, 
will pass through a given point ; and one of the three ws an 
ellipsoid, one an hyperboloid of one sheet, and one an hyper- 
boloid of two sheets. 

Let the equation of the given conicoid be 
oF RY rae 
P RE tee x 


Any conicoid confocal to this is 
PRMD Do AL eie E i. 
Are a ee (i). 
This will pass through the particular point ( f, g, 4) if 
Li 
F'O- 3) g (A) (0-3 f 
OEO - 3) 3 (€ —A)= 0. (8. 


8. S. G. 
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It we substitute for X the values v, b, c, and — oo in 
succession, the left side of the equation (ii) will be +, —, +, —; 
hence there are three real roots of t 


he equation, namely one 
between a* and b°, one between b? and œ, and one between 


c and —c. When X is between c* and o, all d 
coefficients in (i) are positive, and the surface is an ellipsoid ; 


when X is between c* and b, one of the coefficients is. 
negative, and the surfa 


ce is an hyperboloid of one sheet; and 
when X is between D? and a? two of the coefficients are negative, 
and the surface is an hyperboloid of two sheets. 


162. One conicoid 


of a. given. confocal. system. will touch 
any plane. 


Let the equation of the plane be 


lz my 3 nz — p. 
The plane will touch the conicoid 
c y ta 
PEN Ren teen h 
if +A) P+ ($2) m (c X) =p, 


which gives one, and 


only one, value of x, Hence one con- 
focal will touch the gj 


given plane, 


163. Two conicoids of a confocal system will touch any 
straight line, 


Let the straight line be the line of intersection of the 
planes la my +nz+p=0, Hu A 


T+my+n'z+y' =0. 
Any plane through the Straight line will be TE 
C KU) w+ (m tkm 


)9  Q-- En) 2 (p 4-1) - 0. 
This plane will touch the conicoid 
a y Z 
TFN PFR TEL 
(2 2) 04 iy 4 (P+) (m+ km^y 
* (C EX) (n + nn = (p + hp 


if 
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Now, if the given line be a tangent line of the conicoid, the 
two tangent planes through it will coincide. Hence the roots 
of the above equation in Æ must be equal. The condition for 
this gives the following equation for finding X, 
{(a? -- x) 2+ (0 +2) m? + (O43) — p] 
Ka +) 17 + (P X) m" + (+A) n? — p*) 
= (a? +A) W + (P +A) mm + (c +2) nn — pp'}. 
Since the equation is of the second degree, there are two 
confocals which touch the given line. 


164. Two confocal conicoids cut one another at right 
angles at all their common points. 


Let the equations of the conicoids be 


UA NUR e 
Arat 
La US te ti 


TIR EN OFA 
and let (c'y'2') be a common point ; then the co-ordinates 
a’, y, z’ will satisfy both the above equations. Hence, by 
subtraction we have 

F 2 
PE y* 2 =0 
r ——— + y r 
a (a? + X FOAN) a (+2) 


. Now the equations of the tangent 
point (2^y'2^) are 


planes at the common 


zx | yy! zÉ d 
PER P » 


and ad yy’, £7 =1, respectively. 
aan UHA FHA ; 

The condition (i) shews that these tangent planes are at 

night angles. 
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165. If a straight line touch two confocal conicoids, the 
tangent planes at the points of contact will be at right angles. 
Let (2'y'z'), (2"y"z^) be the points of contact, and let the 
conicoids be 
a y P 1 
aUEX Ext ean 4 
a è 2 
and c e ed 


The tangent planes will be at right angles if 

aa ^y dz $ 
mo u = 0...(i). 
(^ 93) G^ £X) N Fx) * (3) 9x; 7970 


But, since the line j 
both conicoids, each 
the other. Hence 


oining the two points is a tangent line to 
point must be in the tangent plane at 


oe 
Pe A Ses Wa ras vi 
eee 

d EE o UNE ME RS 

an CYX Pax teri 


By subtraction we see that the condition (i) is satisfied. 


Ex. 1. The difference of the squares of the perpendiculars from the 
centre on any two parallel ta; ge: 


constant, [p,?—p,?=), M] nt planes to two given confocal conicoids i8 
e [P:?-p,2=), - 


Ex. 2. The locus of the point of intersection of three planes mutually 
at right angles, each of which touch SD g, is A 
ephere. [See Art 92] ouches one of three given confocals, i 


ar E of the umbilici of a system of confocal ellipsoids is the 


[The umbilici are given by 


a-i 


z 
Jæ * y aza’ y=0, 


z t b-c? ] 
Jen * vaca 

Ex.4, Iftwo concentric and co.axj. icoi e 

at right angles they must be BOREAS a e aent one Another eve a 


Ex. 5. P,Q are two Points, one on each of t icoids, and 
the tangent planes at P, Q meet i ine poo confocal conicoida, ant 
through RS and the centre jy sot the tee line RS; shew that, if the plan 


isect the li 
must be at right angles to Que notin ® PO, the tangent tjus 


| 
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Ex. 6. Shew that two confocal paraboloids cut everywhere at right angles. 


E y 
e Sort 
I man end 


[The general equation of confocal paraboloids is 


. 166. We have seen that three conicoids confocal with a 
81ven conicoid will pass through any point P, the parameters 
of the confocals being the three values of X given by the 
equation 

= y! 2 i 
Tan UEN CN i 
where g, V, z are the co-ordinates of P. 
If the roots of the above equation be X, Ay, X,, it is easy 
to shew that 
a EM) a+r) (o^ TX) 
(a^ — 0) (à — €) 
with similar values for y* and 2. 

, Hence the absolute values of the co-ordinates of any 
Point can be expressed in terms of the parameters of the 
Conicoids which meet in that point, and are confocal with a 
81ven conicoid. 


.107. The parameters of the two confocals through any 
Point P of a conicoid are equal to the squares of the axes of 
the central section of the conicoid which is parallel to the 
tangent plane at P ; and the normals at P to the confocals 
are parallel to the axes of that section. 


Let (a^ y’, 2’) be any point P on the conicoid whose 


equation is 


, 


gt ut sm 4 
otptecl 
then, if P be on the confocal whose parameter is X, we have 
1a 


c Us 4. z zs 


PLTP- CSA 
and therefore 
a? y* a & 0 
@(a@—n) + PF-X) + C=) 


(i). 
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The equation of the central section parallel to the tangent 
plane at P is f A 1 
gr yy , zz e 
puse aret 


Hence the equation giving the squares of the axes of the 
section 18 uh y E 
a y c 


TT T =0 [Art. 115], 
"Tos THI T5? [As 115] 
d B 3 gu 
c y" 

or @@—r) + Feat 
Comparing (i) 
axes of the section 
The equations 


of the diameter which is parallel to the 
normal at P to one of the confocals are 


/2 
è (c — r) 
and (ii), we see that the 
are the two values of x. 


=O. (i). 


squares of the 


E y 


cR CC MM 
& y z 
a’ — bU —x eh 


The length of the diameter 


1 the € will be equal to 24/ if it be 
one of the Senerating lines of the cone 


*G-3«v0- «20-3. 


0 [Art. 73, Ex. 5]; 
the condition that this may be the c 


X ase is 
em ro (i-o noo 


yy le 7 
and it is clear from 


ntral section is parallel to the 
s ; and the square © 
he parameter 0 
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Cor. If diameters of a conicoid be drawn parallel to the 
normals to a confocal at all points of their curve of inter- 
section, such diameters will be of constant length. 


168. Two points (a, y, z), (E m £), one on each of two 
co-axial conicoids whose equations are 


respectively, are said to correspond when 
wanes NU) 
, 


ga 
ied TIE and arr 

In order that real points on one conicoid may correspond 
to real points on the other, the two surfaces must be of the 
same nature, and must be similarly placed. 

Tt follo vs at once from the equations (i), Art. 96, that if 
on one of the conicoids three points be taken which are ex- 
tremities of conjugate diameters, the three corresponding 
points on the other conicoid will be at extremities of con- 
Jugate diameters. 

169. The distance between two points, one on each of two 
confocal ellipsoids, is equal to the distance between the two 
Corresponding points. A 

Let (z, y,, z), (m, Yar %) be the two points on one 
conicoid, and (£,, »,, £), (En Ma» &) the corresponding points 
9n the other conicoid. 


z, E Xam A-h, 

cue Meee ed 
and T É Yl a-h, 
mnc 


We have to prove that * 2 
G5, — E adt B= 0. E) 57 E 67 E^ 


(tate) + Gangs) tein) 
= (a,—&)' + Ys =y +(4—-&) 
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2 
E-o- 
Li 
T (Ge y) e € z) =0, 
which is clearly the case, since the conicoids are confocal, and 
it n? G LA K ne An = 
ač Tigi y7wgtyta-l 
170. The locus of 


the poles of a given plane with respect 
to a system of confocal conicoids is a straight line, 


Let the equation of the confocals be 
o a 
E Wali rs a 
and let the equation of the given plane be 


or (c —2) 


iz d my 4- nz — 1. ; 
The equation of the polar plane of the point (a*, y', 2’) i$ 
" yy uo 
EA En Fa L 


Comparing this equation with the equation of the given 
plane, we have 


p 
@—r L bx" and quatn ; 
therefore S esteem RE 
g- Tane, 
Hence the locus of the poles is the straight line whose 
equations are 


z—0l y-Um z-on 


TEE 


irs to the given plane, ead 
A the point f that con- 
focal which touches the : R Hubs ue a 
ne with respect to a conico! 
meets the po where a confocal conicol 
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171. The ases of the enveloping cone of a conicoid are 
the normals to the confocals which pass through its vertex. 

Let OP, OQ, OR be the normals at O to the three 
conicoids which pass through O and are confocal with a given 
conicoid; and let P, Q, R be on the polar plane of O with 
respect to the given conicoid. 

By the last article, the line OP is the locus of the poles of 
the plane QOR with respect to the system of confocals. 
Hence, the pole of the plane QOR with respect to the given 
conicoid is on the line OP; the pole is also on the plane 
PQR, because PQR is the polar plane of O and therefore con- 
tains the poles of all planes through O. Therefore the point 
P is the pole of the plane QOR with respect to the given 
conicoid. Similarly Q and R are the poles of the planes ROP 
and POQ respectively. Hence OPQR is a self-polur tetra- 
hedron with respect to the original conicoid. 

Now let any straight line be drawn through P so as to 
cut the given conicoid in the points A, B and the plane QOR 
in C. Then [Art. 56] the pencil O {APBC} is harmonie; and 
OP and OC are at right angles, hence OP bisects the angle 
AOB. This shews that OP is an axis of any cone whose 
Vertex is at O, and whose base is a plane section of the 
Conicoid through P. One such cone is the enveloping cone 
from O to the given conicoid; hence OP is an axis of the 
enveloping cone. We can shew in a similar manner that OQ 
and OR are axes of the enveloping cone. 

172. To find in its simplest form the equation of the 
enveloping cone of a conicoid. 

Let the equation of the conicoid be 

c 3 


The equation of any tangent plane is 

A(a t + bm? + e»). 

e normal to any tangent 
z,) satisfy the 


la + my + nz = 


i Hence the direction-cosines of th 
Plane which passes through the point (zy Yu 
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equation ; 
a? + Bim? + on? — (læ, + my, 4 nz = 0. 


Hence the equation of the reciprocal of the enveloping cone 
whose vertex is (z,, y,, z,) is 


aa + bY + o7 — (an, + yy, + zz, EE OL 
Similarly the equation of the reciprocal of the enveloping 
cone of the conicoid 
zt y 


g $ 
"n umm T 1 
Geena Daal ghey crosses sees, 


is (69) P+ UD) y- (873) 2— (ez, yyt 22,)'= 0... i). 

It is clear from Art. 60, that the cones (i) and (iii) are 
co-axial for all values of A. Hence, since a cone and its 
reciprocal are co-axial, it follows that all cones which have 8 
common vertex and envelope confocal conicoids are co-axial; 
and, by considering the three c 
the vertex, the enveloping con 
planes, we see that the 


ee confocals which pass 
) are planes, and their reciprocals are 
values of X for which the 
f linear factors (which are 


eters X, Mp A, of the con- 
focals through (z,, Yo 


» £j). 
But [Art. 77] the three v 
side of (ili) is the product of linear fac 


ion of the reciprocal of the 
to its axes, is 


AG AY? Ag! — 0. 
Hence the equation of the enveloping cone is 
a y P 
TIO 
MONA 
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Ex. Find the locus of the vertices of the right circular cones which 


circunscribe an ellipsoid. 


If & cone be right circular, the reciprocal cone will be right circular. 
Hence we require the condition that the cone whose equation is 


ax? 4 y? + cla? — (zz yyo t 22)? —0, 
may be right circular. 
If £o Yo Z bo all finite, the conditions for a surface of revolution nre 
[Art. 85] a? - za, 1=b— yP +y =c- n t 


50 that, unless the surface is a sphere, zjyoz, must be zero. If z,—0, the 
condition for a surface of revolution gives 


(c — a +293) ( 0 y!) nh 
Hence the enveloping cone from any point on the focal ellipse 
2 
eatin 


voi, aes eee ayer 


is right circular, 
Similarly, the enveloping cones from points on 


or from points on 


are right circular. 
The conic (ii) is the focal hyperbola, and (iii) is imaginary. 
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173. The reciprocal of the conicoid 
a y 2 m 
aan tU rA eee’ 
with respect to the sphere a* +y’ +2 = w, is 
A 
(à 4-3) att BEANS HCH Z7 
Tt is clear that the reciprocal conicoids have the same 
“yelic planes for all values of A. ; 
Hence a system of confocal conicoids reciprocates into a 
System of concentric concyclic conicoids. 
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174. The following are examples of reciprocal properties 
of confocal and concentric concyclic conicoids. 


Three confocals pass through 
any point, namely an ellipsoid, an 
hyperboloid of one sheet, and an 
hyperboloid of two sheets; also the 
tangent planes at the point to the 
three surfaces are at right angles, 


Two confocals touch a straight 
line, and the tangent planes at the 
points of contact are at right angles, 


One conicoid of a confocal system 
touches any plane, 


The locus of the pole of a given 
plane with Tespect to a system of 
confocals is a straight line, 


The principal planes of a cone 
enveloping a conicoid are the tangent 


planes to the confocals through its 
vertex. 


Three concyclics touch any plane, 
namely an ellipsoid, an hyperboloid 
of one sheet, and an hyperboloid of 
two sheets; also the lines from the 
centre to the points of contact of the 
plane are at right angles. 


Two concyclics touch n straight 
line, and the lines from the centre 


to the points of contact are at right 
angles, 


One conicoid of a concyclic system 
passes through any point, 


The envelope of the polar plane 
of a given point with respect to 8 
system of concyclics isa. straight line. 


The axes of a cone whose vertex 
is at the centre of a conicoid and base 
any plane section, are the lines o 
the centre to the points of contact o! 


the plane with the conoyclics which 
touch it, 


Foci or Cox1corps, 


spond to the fo 


ratio to its distance (m 
a fixed straight line called the 


Let the origin be the focu 
plane. 


There are two definitions 


easured, 


S, and the plane z=0 the fixed 


Also let the equations of the directrix be 
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Let a’, y’, 2’ be the co-ordinates of any point P on the locus, 
and let a plane through P parallel to z = 0 meet the directrix 


in M, then M is { 5 l (6 -À). ga te. 4. 


Now OP'=c'. PM’, e being the constant ratio. Hence 
the equation of the locus of (z^, y’, 2) is 


a+ y+ eae [f-7-; u- 2i i {y—g -*6- np ]..6- 


The locus is therefore a conicoid, and is such that sections 
parallel to z — 0 are circles. 

If the axes be changed in any manner (i) will always be 
of the form 3 

(e—a)'+ (y-8Y * (z- 9 - 4 0, 

where A is the sum of two squares, or is the product of two 
imaginary factors. We can therefore find the foci of any 
given conicoid whose equation is S = 0, from the consideration 
that S —X((z—a)* + (y — BY + (z — yy] will be the product 
of imaginary linear factors if (a, B, y) be a focus, provided a 
Suitable value be given to à. 


. 176. The other definition of a conicoid, due to Salmon, 
18 as follows ;— 


_A conicoid is the locus of a point the square of whose 
distance from a fixed point, called a focus, varies as the pro- 
duet of its distances from two fixed planes. 


The equation of the locus is clearly of the form 
(7—a)-(y— By (z— y) E (la my- nz pz m'y ne p). 
We can find the foci of any conicoid according to this 
definition by the consideration that 
S-»((z—a) + (y - B * 6-0 
wil be the product of real linear factors if (2, 8, y) be a focus, 
Provided a suitable value be given to ^ 
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177. To find the foci of the conicoid whose equation is 
ax? + by? cz — 1. 


We have seen in Articles 175 and 176 that (a, B, y) is a 
focus when 


az by + cz -131-X (e — a) + (y By 4- (e — y]... (i) 
is the product of linear factors. 

Hence X must be equal to a, or b, or c. 

Let A = a, then (i) becomes 


(b—a) y"-- (c — a) 2+ 2aaz + 2aBy+ 2uryz — a (a+ B*--y") —1, 
or -afue +(c—a) {e+ ay | 


- c—a 
: | abp* _ act La, 
+ 2aac — az’ mirc eET 


Hence, in order that (i) may be the product of linear | 
and | 


factors, we must have a = 0, 


b ac a 
Similarly, if =b, we have 8 2 0 and 


o y’ 
plis 
a bci 
and, if A — e, we have y=0, and l 
a 2 
Vel Le 


CNG bno 
There are therefore three conic: i cll 
plane on which the foci lie 3, one in each princip 
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178. If the surface be an ellipsoid whose semiaxes are 
a, b, c, the conics on which the foci lie are 


aop tpn hs 70e) 
2 
pz Bb YE Oiee coat (ii), 
and pat al = 0. (il 


„Since a, b, c are in descending order of magnitude (i) is an 
ellipse, (ii is an hyperbola, and (ii) is imaginary. These 
conics are called the focal conics; and, as we have seen in 
Art. 160, they are the boundaries of limiting forms of confocal 
Conicoids, 


179. The focal conics of the cone az” + by’ +ez*=0 can 
be deduced from the above, or found in a similar manner. 
he conics become 


y SL AN 
z—0, 4 a 0; 
b a coc a 
2 ANO 
mei 
peur 0 
2 
and g- 0, DO 
à o DFG 


One of the focal conics of a cone is therefore a pair of real 
Straight lines which are called the focal lines ; the other focal 
Conies are pairs of imaginary straight lines, which we may 
Consider as point-ellipses. 

. Ex.1. Two cones which have the same focal lines cut one another at 
Tight angles, 
e Ex.2, Shew that the enyeloping cones from any point to a system of 
onfocals have the same focal lines. 
Ex. 3. Shew that the focal conics of a; paraboloid are two parabolas, 
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180. The focal lines of a cone are perpendicular to the 
cyclic planes of the reciprocal cone. 


The equations of any two reciprocal cones referred to 
their axes are 


m te 
ax’ + by! -E cz! - 0, and 2p 


The cyclic planes are [Art. 121] 


(a — 5) 2^ (c — 5) 2 —0, and (-2««(0-1) #=0. 


The focal lines are by the last article 


a z? a 2 o 
y=0, Ton up and y=0, mE 


c—b 
a b c b 
It is therefore clear that the focal lines of one cone are 
perpendicular to the cyclic planes of the other, 
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l. Trmnzr confocal conicoidg meet in a point, and a central 
plane of each is drawn parallel to its tangent plane at that point 
Prove that, one of the three sections will be an ellipse, one &n 
hyperbola, and one imaginary, 

2. Plane sections of an elli 


1 psoid envelope a confocal; shew 
that their centres lie o 


n a surface of the fourth degree. 


3. P,Q are two points on a generator of a hyperboloid; P’, 9 
the corresponding points on a confocal hyperboloid, Shew th 
P'Q' is a generator of the latter, and that PQ-P'Q' 

4. Shew that 


the points on a system of confocals which are 
such that the norma 


ls are parallel to a given line are on a rect 
angular hyperbola, " 


5. If three lines at Tight angles to one another touch # 
conicoid, the pla: 


ne through the points of contact will envelop? 
a confocal, 


a — m RRR 
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6. If three of the generating lines of th i 

A g g s e enveloping cone of 
R paraboloid be mutually at right angles, shew that RENEE will 
d on a paraboloid, and that the polar plane of the vertex will 
always touch another paraboloid. 


^ 7. If through a given straight line tangent planes be drawn 
l a system of confocals, the corresponding normals generate a 
hyperbolic paraboloid. 


ea 8. Shew that the locus of the polar of a given line with respect 
a system of confocals is a hyperbolic paraboloid one of whose 
asymptotic planes is perpendicular to the given line. 


ts 8 Planes are drawn all passing through a fixed straight line 
i each touching one of a set of confocal ellipsoids; find the locus 
9f their points of contact. 


di at Ata given point O the tange 
se s which pass through O, and are con 
OF drawn ; shew that these tangent planes and 

) form a tetrahedron which is self-conjugate wi 
Biven conicoid. 


muti: Through a straight ! 
men planes are drawn to a series of c 
th the points of contact lie on a plane, and that t 
ese points pass through a fixed point. 
th If a plane be drawn cutting the three principal planes, and 
wee each of the lines of section tangent planes be drawn to 
l © series of conicoids, prove that the three planes which are the 
oci of the points of contact intersect in a straight line which is 
Perpendicular to the cutting plane, and passes through the three 
Xed points in which the three series of normals intersect. 


12. Any tangent plane to a cone makes equal angles with the 


planes through the line of contact and the focal lines. 
13. If through a tangent at any point of a conicoid two 
ngent planes be drawn to a focal conic, these two planes will be 


equally inclined to the tangent plane at 0. 


th 14. The focal lines of the enveloping cone of a conicoid are 
© generating lines of the confocal hyperboloid of one sheet which 


Passes through its vertex. 


nt planes to the three coni- 
focal with a given conicoid, 
the polar plane of 
th respect to the 


ine in one of the principal planes 
onfocal ellipsoids ; prove 
he normals at 
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15. Any section of a cone which is normal at P to a focal 
line, has P for one focus, 


16. If a section of an ellipsoid be normal to a focal conic at 
P, then P will be a focus of the section. 


17. The product of the distances of any point P on a Eps 
conic of an ellipsoid, from two tangent planes to the surface whic 


are parallel to one another and to the tangent at P to the focal 
conic, is constant for all positions of P. 


18. From whatev 
viewed they appear to 


Hence shew that the focal conics project into confocals on any 
plane. 


er point in space the two focal conics are 
cut at right angles, 


19. If two confocal sur! 


faces be viewed from any point, their 
apparent contours seem to c 


ut at right angles, 


20. If two cylinders with 
confocal surfaces their secti 
generators are confocal coni 


parallel generators circumscribe 


ons by a plane perpendicular to the 
cs. 


21. The centres of the sections of a series of confocal conicoids 
by a given plane lie on a straight line, 


22, Shew that those tangent lines to an ellipsoid from an 
external point whose length is a maximum or minimum are normals 
at their respective points of 


contact to confocals drawn through 
those points: and further, th i 


23. A straight line meets a quadrie in two points P, Q 80 
that the normals at P and Q intersect : prove that PQ meets any 
confocal quadric in points, the normals at which intersect, an 
that if PQ pass through a fixed point it lies on a quadric cone. 

24. If from any point O norma 
confocals (1) these normals form a c 
the tangent planes at the feet of th 
of the fourth degree, Consider the 
principal planes, 


ls are drawn to a system of 
one of the second degree, (2) 
e normals form a developable 
case of O being in one of the 
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25. The envelope of the polar plane of a fixed point with 
respect to a system of confocal quadrics is a developable surface. 
Prove this, and shew that the developable surface touches the six 
tangent planes to any one of the confocals at the points where the 
normals to that confocal through the fixed point meet that confocal. 


26. Prove that the developable which is the envelope of the 
polar planes of a fixed point P with respect to a system of confocal 
quadries, meet Q the polar plane of P with respect to one of the 
confocals in a line, whose polar line with respect to the same 
confocal is perpendicular to Q; and that these polar lines generate 
the quadric cone six of whose generators are the normals at P to 
the three confocals through P, and the three lines through P 


parallel to their axes. 


27. Prove that if a model of a kyperboloid of one sheet be 
constructed of rods representing the generating lines, jointed at the 
Points of crossing ; then if the model be deformed it will assume 
the form of a confocal hyperboloid, and prove that the trajectory 
of a point on the model will be orthogonal to the system of confocal 
hyperboloids. 


28. The two quadrics 
2ayz + 9bzx + 2cxy - 1 and 2a'yz + 2b zc 9cay -1 
can be placed so as to be confocal if 
abe a'l/c 
[e E any bho 


h 29. Two ellipsoids, two hyperbol 
Yperboloids of two sheets belong to J c à 
Shew that of the 256 straight lines joining a point of intersection 
of three surfaces to a point. of intersection of the other three, there 
are 8 sets of 32 equal lines, the lines of each set agreeing either in 
crossing or in not crossing each of the principal planes. 

has double contact with each of three 
d director-sphere. 


abc’ a^ bc av 
70 and repu repre Tn 


oids of one sheet, and two 
the same confocal system ; 


& 30. A variable conicoid i 
xed confocals; shew that it has a fixe 


CHAPTER IX. 
QUADRIPLANAR AND TETRAHEDRAL, CO-ORDINATES. 


181. In the 
planes, which form a tetrahedron, are tak 
reference, and the co-ordinates i 


dicular distances from the four planes. The perpendiculars 
are considered positi 


direction as the e opposite angular 

points of the tetrahedron, 

Since the perpendicular di 

three planes are sufficient 
be 


points of the tetrahedron, 
areas of the faces opposite respectively 


: tien, if 2, B, y, 8 be the co-ordinates of any 
point, the relation will be 


trahedron ABCD, This 
within the tetrahedron, 
BCDP, CDAP, DABP, 
E : ; and, regard being had to 
the signs of the perpendiculars, it can be easily seen to be 
universally true, 
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182. The tetrahedral co-ordinates a, 8, y, 8 of any point 
P are the ratios of the tetrahedra BCDP, CDAP, DABP, 


ABCP to the tetrahedron of reference ABCD, The relation 
between the co-ordinates is easily seen to be 
atBt+yts=1. 

It is generally immaterial whether we use quadriplanar or 
tetrahedral co-ordinates, but the latter system has some 
advantages, and in what follows we shall always suppose the 
co-ordinates to be tetrahedral unless the contrary is stated. 

We shall also suppose that the equations are homogeneous, 
for they can clearly always be made so by means of the relation 
a+B+y+68=1, When the equations are homogeneous we 
can use instead of the actual co-ordinates any quantities 


Proportional to them. 


. 183. The co-ordinates of the point 
line joining (a,, A, yı» 8,) and (a, Ba» v 82 
are easily scen to be 

Bataa qu] ME, pn Mns pd, +29, | 
Au" eoe ed ene? 
184. The general equation of the first degree represents a 
plane. 
The general equation of the first degree is 
la+ mB 4 ny 4 p9 — 0. 
We may shew that this represents à plane 


9f Art. 13, ; 
Since the equation la + mf 4- vy + pd=0 contains Neti 
independent constants it is the most general form of the 


equatio;: l 
i nee Ea eae the plane through the three points 
(4, B, Ys» Ò), Cas Bos Y 8,), (44) Bor Ya» &) is 
Gare aby an = 

a, By, Y 

Usos Ba Ya 8, 

[^ Ba Ya» 8, 


which divides the 
in the ratio A: 


by the method 


0. 
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i lar 

185. To shew that the perpendiculars from the angu 
points of the tetrahedron of reference on the plane whose 
«quation is la + mB +ny + pò = 0 are proportional to l, m, n, p. 


Let L, M, N, P be the perpendiculars on the plane from 
the angular points A, D, C, D respectively; the perpendicu- 
lars being estimated in the same direction. Let the phe 
meet the edge AB in K; then at K we have y=0, ò= 

A a B 
and la + m8 — 0; therefore mecs 

Now L:M::AK : BK. 

But AK: AB:: ACDK : ACDB:: 8:15 
similarly KB: AB:: KBOD: ABCD a: d 

~œ L:M::AK:-KB::8:-a:l: m; 
ee 
eR 


LA and similarly each — 
m 


ail 
sh 


186. The lengths of the perpendiculars on a plane from 
the vertices of the tetrahedron of reference may be called the 
tangential co-ordinates of the plane; and, from the preceding 
article, the equation of the plane whose tangential co-ordinates 
are l, m, n, p is la+ mf + ny +pd=0. 

The co-ordinates of all planes which pass through the 
point whose tetrahedral co-ordinates are a, B,, y, Oy, 9? 
connected by the relation la, + mB, + nw, du ps,=0. Hence. 
the tangential equation of a point is of the first degree. 

187. The equation of any 


plane through the intersection 
of the two planes whose equ c 


ations are 
la + mB + ny + pd =0, and /a-- m/8 n'y + p'8— 0, 


is (LA) a+ (m Xm) B 4- (n Xn) y+ (p Ap) 820. 

Hence the tangential co-ordinates of any plane through 
the ne of TES M of the two planes whose co-ordinates 
are "b f p and U, m,n’, pare nroportional to UINA 
ai aaa i a 23M. p proportiona, 


TETRAHEDRAL CO-ORDINATES. 167 


188. To find the perpendicular distance of a point from 
a plane. 


Let the equation of the plane be 
la + mf + My 3 p9 m0. (i), 
and let its equation referred to any three perpendicular 
axes be 
Ar+By+Cz+D= e a Ar) 

We know that the perpendicular distance of any point 
from the plane (ii) is proportional to the result obtained by 
substituting the co-ordinates of the point in the left-hand 
member of the equation. Hence the perpendicular distance 
of any point from (i) is proportional to the result obtained 
by substituting the co-ordinates in the expression 

la +mB+ny+po. 
Hence, if J, m,n, p be equal to the lengths of the perpendiculars 
from the angular points of the tetrahedron of reference, the 
UE distance of any other point (a^, B', y, 9) vill 
e ba! + mB! + ny +p. 

189. If a plane be 
angular points of the tetrahed: 
diculars upon it from those points ar 

Hence the equation of the plane at infinity is 

a4 B4 y T8270. 

This result may also be obtained in t 
manner, 

Let ka, kB, ky, kë be the co-ordinates of any point; then 
the invariable relation gives kz+ kB + hy +hd5=1, or 


atB+y+s =}. If therefore & become infinitely great, we 
have in the limit «+£ + y+5=0. This is the relation 
which is satisfied by finite quantities that are proportional 
to the co-ordinates of any infinitely distant point. 

ordinates of any point P, 


190. Let a,, B, Y, 9, be the co- 
and a, B,y,8 the io inates ofa point Q. Also let b, 9,, 6, 6, 


at an infinite distance from the 
ron of reference, the perpen- 
e all equal. 


he following 
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i 1 ine PQ and the 
tively the angles between the line 
E ue from the angular peinte fs B, C, D of the 
2 tal tetrahedron on the opposite faces. A 
e b, c, d being the areas of the faces opposite to 
A, B, C, D respectively, we have 


a—a —ja.PQcos0, B—B,=4b.PQcos6,, 
y — y, 7 $c.PQcos0,, and §— ô, =4d. PQ cos 8, "m. 
The equations of the straight line through P, whos 
direction-angles are 0,; 0,, 0, 0,, are therefore 
Q0 B — B, Ores eee so: ir. 
acos, bcos, ccosÓ, dcosO, ~ 
Since the sum of the projections of the four faces of the 
tetrahedron on a plane perpendicular to PQ is zero, we have 
a cos 8, + b cos 0, + c cos Ó, + d cos 0,=0, 
or, putting 


g l m, n, p instead of acos 0,, bcos 0,, c cos 9, 
d cos 6, respectively, 


l+m+n+p=0. 


Ex.1. Find the conditions that 
intersection. 


Ex. 2. 


T f 
three planes may have a common line 0 


Find the conditions that two planes may be parallel. 


Ex. 3, Find the equation of a plane through a given point parallel to 3 
given plane, 


[Any plane parallel to la m8 ny +põ=0, iu 
la+m, 


B+ny+pd+d(a+B+y+8)=0, 
Hence the parallel plane through (a^, B', y. 8) is 


la+mB+ny+ pà- (la^ 4m8 4 ny pi) (a+B+7+8).] 

a 
Planes each of which passes throni 
and is parallel to the opposite face 


=0, 5--a-- 8—0, and a+B+7=0. 
Ex. 5. Find the condition that four 


Ex. 6. 


Ex. 4. The equations of the four 
vertex of the tetrahedron of reference 


B+y+5=0, y4+5+0 


given points may lie on a plane 
Find the condition that four 


Ex. 7. The equations 
the edges of a tetrahedron 


x " int. 
given planes may meet in a pol? 


of 
of the four planes each of which bisects thre? 
are 

SB YÀ, B=y+540, Y=O+a+B, and àza£ B 
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Ex. 8. Shew that the lines joining the middle points of opposite edges of 
4 tetrahedron meet in a point. 
, Ex. 9. Find the equations of the four lines through 4, B, C, D respec- 
lively parallel to the line whose equations are 
lat+mB+nyt+ps=0, Vat mp+n'y+p's=0. 
, Ex. 10. A plane cuts the edges of a tetrahedron in six points, and 
six other points are taken, one on each edge, so that each edge is divided 
‘armonically: shew that the six planes each of which passes through one of 


ve px latter points and through the edge opposite to it, will meet in a 
omt, 


Ex. 11. Lines 40a, BOb, COc, DOA through the angular points of a 
tetrahedron meet the opposite faces in a, b, ¢, d. Shew that the four lines of 
intersection of the planes BCD, bcd; CDA, cda; DAB, dab; and ABC, abc 
le on n plane. 

[If O be (a', ', y’, ò) the equation ot bcd is 


2 
6,445 05 


Boy Eo 

hence the line of interscction of BCD, bcd is on the plane 
& 87,2 0, 
atetyts .] 


Ex. 12. If two tetrahedra be such that tho straight lines joining 
corresponding angular points meet in a point, then will the four lines 
of intersection of corresponding faces lie on a plane. 


191. We shall write the general equation of the second 
degree in tetrahedral co-ordinates in the form 
a! +r + sy + të + 2/9 + 2972 + 2haB 
j + 2uað + 2u88 + 9wy8 = 0. 


The left side of the equation will be denoted by 


F(a, B, y, 8). 

192. To find the points where a given straight line cuts 

the surface Paras by the general equation of the second 
€gree in tetrahedral co-ordinates. 


Let the equations of the straight line be 


gena B= B, ISN ete, 
l m n P 
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To find the points common to this line and the surface, 
we have the equation 
F (2, lp, B, mp, y, + np, 8, + pp) =0, 


5 dF, dF dF z) 
or F(a, Bo Y» ô) +p (: da 3B, +n dy tp dà, 
pg F (l, m, n, p)=0. 
Since there are two values of p, the surface is a conicoid. 


193. To find the equation of a tangent plane at any point 
of a conicoid. 


If (a,, B,, Yp ò,) be a point on the surface, one root of the 


equation found in the preceding article will be zero. Two 
roots will be zero, if 


dF dF, dF  dF 
07— mz 4. +P oy = 0. 
di, "3g t", +P as 70 
The line will in that case be a tangent line to the surface. 
Substituting for l,m, n, p from the equations of the straight 
line, we obtain the equation of the tangent plane, namely 


dF aF aF dF _ 
(@-4) 77 *(8- B) dp, * Og + 6-8) = 0. 
But, since the equation F (a, B, y, 8) =0 is homogeneous 
dF dF dF dF 
KOAR ART o; Kt 
the tangent plane at the poi? 


dF dF dF .dF 

4 -—-B— c €— 
Scalers rq ago 
194. It can be shewn by the method of Art. 53, that the 
equation of the polar plane of any point (a,, Bo o, 9) is 

dP dF dF dF 
a-—+ § —— ART a= 

da, M SEES 9 4 
195. To find the co-ordinates of the centre of the conicot: 


The polar Plane of the centre is the plane at infinity) 
whose equation is +B +y748=0,. 
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Hence, if (z, £,» Y» 6) be the centre of the conicoid, 


we must have 
dF df dF. dF 
da, dB, dy, dà. 
196. The diametral plane of a system of parallel chords 
of the conicoid can be found from Art. 192. The equation 


of the plane is 
dm dE di dm 0 


. Since 14m 4 n4 p —0 [Art. 190], it follows that all the 
diametral planes pass through the centre, that is through the 
point for which 

dF dF dF dF 


m 08g dy ue: 
197. To find the condition that a given plane may touch 
the conicoid. 
The condition that the plane /z-- m8 t my 
touch tho conicoid can be found as in Art. 57. 
QU + Rm? + Sn? + Tp! + 2Fmn + 2Gnl 
+ 2Hlm + 2Ulp  2Vmp + 2Wnp — 0, 
where Q, R, S &c. are the co-factors of g, 7, $ &c. in the dis- 
criminant, 


198. To find the condition that the surface represented by 
the general equation of the second degree may be a cone. 


The polar planes of the angular points of the fundamental 
tetrahedron with respect to à cone meet in a point, namely 
in the vertex of the cone. The equations of the polar 


Planes are 
qx AB gy 8-0, 
ha TB fyt aioe 
gz+ JB + sy Y wo 
pu ua + ug +wy + 0 0. 


+pd =0 may 
The result is 
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The required condition is therefore 


[un À, g9, u =0. 
hori w 


1009 Wy t 


199. To shew that any two conicoids have a common self- 
polar tetrahedron. 


We can shew, as in Art. 142, that four cones can Ls 
through the intersection of any two conicoids, and that ied 
vertices of the four cones are the angular points of a tene A 
dron self-polar with respect to any conicoid through 
curve of intersection of the given conicoids. 


The equation of a conicoid, when referred to a self-polar 
tetrahedron, takes the form 


I? + rB? + sy! + 18 — 0. 


For, since a = 0 is the polar plane of the point (1, 0, 0, 0); 
we have h=g=u= 0; and similarly f=v=w=0. 


200. To find the general equation of a conicoid circum- 
scribing the tetrahedron of reference. 


If we substitute the co-ordinates of the angular points p. 
the tetrahedron of reference in the general equation of th 
second degree, we have the conditions g=r=s=t=0. 


. H . . ibing 
Hence the general equation of a conicoid circumscribing 
the tetrahedron of reference is 


JEY + gya + haB + uas + v8 + wyd — 0. 
201. To find the general equation of a conicoid which 
touches the faces of the tetrahedron of reference. 
The planes a= 0,8=0,y=0 and 8—0 will touch the 
conicoid given by the general equation of the second degree ? 
» R=0, S=0 and T=0. [Art. 197 


yE z de of 
Hence conicoids which aro Inscribed in the tetrahedron 
reference are given 


by th s ‘ith the co? 
ditions Q= R28. 7). Q^ ETMA equation, with 
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hee E iio the equation of a conicoid which circumscribes the tetra- 

are(parallal ED andis such that the tangent planes at the angular points 

pposite faces. Ans By+yataB+ad+ Bo - y0—0. 

En uid. Kid the equation of the conicoid which touches each of the faces 
ental tetrahedron at its centre of gravity. 

Ans. a+ 6? +7245? — py- ya a8 — ab -B5—7yd=0. 

202. To find the equation of the sphere which circum- 
scribes the tetrahedron of reference. 

The general equation of a circumscribing conicoid is 

JBy  gya t hag + ua8 + vB8 + wyd — 0. 

If the conicoid be the circumscribing sphere, the section 
by $—0 will be the circle circumscribing the triangle ABC, 
OY the triangular co-ordinates of any point in the plane 

— 0, referred to the triangle ABO, are clearly the same as 
the tetrahedral co-ordinates of that point, referred to the 
tetrahedron ABCD. Hence, when we put §=0 in the equa- 
nen of the conicoid, we shall obtain an equation of the same 
ABO as the triangular equation of the circle circumscribing 

BC. Hence, comparing the equations 


By gya + hag —0, 


gui BO*By + CA*ya + ABB = 0, 
We obtai b luce aby 
d Be = Oa AB 


ade by the other faces of 


By considering the sections m ) es 
tion of the circumscribing 


the tetrahedron, we obtain the equa 
Sphere in the form 
BO'By + CA*yz + AB'aB + AD'ab + BD'BS + CD*y5=0. 
th 203. To find the conditions that the general equation of 
e second degree may represent a sphere. j 
i Since the terms of the second degree in the equations of 
all spheres, referred to rectangular axes, are the same; if 
ear be the equation of any one sphere, the equation of any 
er sphere can be written in the form 
ane S+la+ mB +ny+po=% 
» In the homogeneous form, 
S + (la + m8 +ny + pò) (a+8 339) 0. 
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If this be the same conicoid as that given by the geet, 
equation of the second degree, S=0 being the equation o 
the circumscribing sphere found in Art. 202, we must have, 
for some value of A, 

Aa-l, Ar=m, As=n, M =p; 


also 2Xf — BC* +m 4- n, 
and five similar equations. 


—9 
Hence the required conditions are that CS should 

be equal to the five similar expressions. R 
The conditions for a sphere may also be obtained by 


means of the equation found in Art, 192; or in the following 
manner. 


To find the points, P,, P, suppose, where the edge BC 
meets the conicoid given by ‘the general equation of the 
second degree, we must put a —0, 8—0; and we obtain 


TR? sy + 9/8, =0; 
B+y=1; 
R 7B +s (1 — 8 - 2/311 — 8) =0, 


and, if the roots be B,, Ba» we have 


we have also 


8 
BB, = r+s—2 
CP, . CP. 
Now BB, xi — Bo 25 


hence, if the conicoid be a sphere, and if tod tite the 
lengths of the tangents from the points A, B, C, 
respectively, we have 


8 
«BUSES t 
By considering the edges OD, CA we have similarly 
$Ti-2w _qts—% s 
TOEO a 


s2 
Hence, as above, the required conditions are that DU 
should be equal to the Similar expressions, 


e 
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EXAMPLES on CHAPTER IX. 


1l. Shew that, if ga? + rf + sy’ + 18°=0 bi boloid, it wi 
à sy + t9 - 0 be a paraboloid, it will 
touch the eight planes at fd y 8 — 0. i 
2. The locus of the pole of a given plane with respect to a 
em of conicoids which touch eight fixed planes is a straight 
e. 


pect to a system 


3. The polar planes of a given point, with res 
all pass through 


9f conicoids which pass through eight given points, 
tnihi gh eight given points, 
to 4. If two pairs of the opposite edges of a tetrahed > 
i each at right angles to one another, the remaining pair will be 
at right angles. Shew also that in this case the middle points of 


the six edges lie on a sphere. 
à 5. Shew that an ellipsoid may be described so as to touch each 
€dge of any tetrahedron in its middle point. 


ron are each 


6. If six points are taken one on each edge of a tetrahedron 
ua that the three lines joining the points on opposite edges meet 
n a point, then will a conicoid touch the edges at those points. 


n 7. If two conicoids touch the edges of a tetrahedron, the 
Welve points of contact are on another conicoid. 


um 8. If a conicoid touch the edges of a tetrahedron, the lines 
Joining the angular points of the tetrahedron and of the polar 


tetrahedron will meet in a point. 
ids x _Shew that any two conicoids, and 
ch with respect to the other have a common self-pol 
10. A series of conicoids U,» U,, U,... are such that U,,, and 
r-1 are polar reciprocals with respect to U,; shew that U,,, and 
r~ are also polar reciprocals with respect to U, 
ll. The rectangles under opposite edges of a tetrahedron aro 


the Same whichever pair is taken; prove that the straight lines 
Joining its corners to the corners of the polar tetrahedron with 


respect to the circumscribed sphere will meet in a point, 


the polar reciprocal of 
lar tetrahedron. 
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12. If four of the eight common tangeut planes of b 
conicoids moet in a point, the other four will also weet in a point. 


13. A plane moves so that the sum of the Squares of am 
distances from two of the angles of a tetrahedron is equal to us 
sum of the squares of its distances from the other two; prove s 
its envelope is a hyperbolic paraboloid cutting the faces o - 
tetrahedron in hyperbolas each having its asymptotes passing 
through two of the angles of the tetrahedron. 


14. If ABCD be a tetrahedron, self-conjugate with respect to 


a paraboloid, and DA, DB, DC meet the surface in A,, B, 0, 
respectively ; shew that 


DE) , DE , DO, 
44,| * BB,| * co; ! 
15. lf a tetrahedron have a selfconjugate sphere, and if it 


7 1 í f the 
radius be Z, prove that m= SENi] where s is the sum 0 
squares of the edges of 


one face, and § the sum of the squares of 
all the edges, 


=i, 


16. Shew that the locus of the centres of all conicoids which 
cumscribe a quadrilateral (that is wkich have four giv’ 
generators two of each system) is a straight ime. 

17. The locus of the 
conicoids which circumser: 


cir 


pole of a fixed plane with respect to the 
ibe a quadrilateral is a straight line. ail 
18. The polar plane of a fixed point with respect to any conico 
iw circumscribes a given quadrilateral passes through a fix 
ine. : 


19. The sides 
shew that the four 


n plane. Shew also that the con A 
by any straight line; also that the pal” 
tangent planes throug’ in involution. 
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22. Nine conicoids have a common self-polar tetrahedron ; 
shew that the eight points of intersection of any three, the eight 
points of intersection of any other three, and the eight points of 
intersection of the remaining three are all on a conicoid. 


. 23. The sphere which circumscribes a tetrahedron self-polar 
with respect to a conicoid cuts the director-sphere orthogonally. 


24, The feet of the perpendiculars from any point of the 


surface ^ au + £ + ai on the faces of the fundamental tetra- 


a E] 
hedron lie in a due a, b, c, d being proportional to the volumes 
of the tetrahedron formed by the centre of the inscribed sphere 
and the feet of the perpendiculars from it on any threo of the 
faces, and the co-ordinates being quadriplanar. 

25. The middle points of the twenty-eight lines which join 
two and two the centres of the eight spheres inscribed in any tetra- 

edron are on a cubic surface which contains the edges of the tetra- 
hedron. Shew also that the feet of the perpendiculars from any 
Bane of the cubic surface on the faces of the tetrahedron lie on a 
ane, 

26. The six edges of a tetrahedron are 
The plane through Sls hrs points of contact of the three edges 
Which meet in the same vertex meet the face opposite to that 
Vertex in a straight line: shew that the four such lines are gene- 
Tators of the same system of an hyperboloid. 

27. When a tetrahedron is inscribed in a surface of the second 
degree, the tangent planes at its vertices meet the opposite faces in 
Our lines which are generators of an hyperboloid. 

_ 28. The lines which join the vertices of a tetrahedron to the 
Points of contact of any inscribed conicoid with the opposite faces 
are generators of an hyperboloid. , 

29. The lines which join the angular points of a tetrahedron 
to the angular points of the polar tetrahedron are generators of the 
Same system of a conicoid. t 

30. Cones are described whose vertices are the vertices of a 
tetrahedron and bases the intersection of a conicoid with the oppo- 
Site faces, The other planes of intersection of the cones and 
conicoid are produced to intersect the corresponding faces of the 
tetrahedron. ^ Prove that the four lines of intersection are genera- 


E lines, of the same system, of à hyperboloid. 
8.8.G. 


tangents to a conicoid. 


vi 


CHAPTER X. 
SURFACES IN GENERAL. 


204. We shall in the present Chapter discuss some 
properties of surfaces of higher degree than the second. 


205. Let F(x, y, z)=0 be the equation of any surface. 

To find the points of intersection of the surface and tbe 
straight line whose equations are 

EE ier MES e a 
l A gc P 
we have the equation 
T +lr, y'+mr, 2 +nr)=0, 

or 

PAEAN dP, dF  dF 
F2). SS ae 

(z^, yj 2)+r(i da *™ gy +n d) 
TM al d d 0:2) 

*i atn +n =) TRI esent ON d 

If the equation of the surface be of the nth degree, E 
equation (i) will be of the ntù degree, Hence a straight y 
will meet a surface o an 


€ f the n degree in n points, a2 
plane will cut the surface in a Erud the n degree. 


206. To find the e ti EAS any 
point of a surface. quation of the tangent p 

If (2^, y', 2’) be a point on F (æ, y, 2) =0, one root of 
equation for r, : 


: er? 
found in the preceding article, will be " 
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Two roots will be zero if J, m, n satisfy the relation 
dE dp eae 
Lag tag os Z: 
The line will in that case be a tangent line to the surface; 
and the locus of all the tangent lines is found by eliminating 
l, m, n by means of the equations of the straight line. We 
thus obtain the required equation of the tangent plane 
nak AGE COL. 
(z—2) dy OD ay t7 Dg7-9 

If the equation of the surface be z — f (x, y) = 0, it is easy 
to deduce from the above, or to shew independently, that the 
equation of the tangent plane at (2’, y, 2’) is 


‘ nd 
s (o Dey ar 


.207. The two real or imaginary lines whose direction- 
cosines satisfy both the relations 


and (dace ae ) F=0 
(Capt may t" , 
mect the surface in three coincident points. 

Hence at any point of a surface two real or imaginary 
pagent lines meet the surface in three coincident points. 

hese are called the inflexional tangents. 

208. The tangent plane at any point of a surface will 
Meet the surface in a curve of the x™ degree; and, since 
every line which is in the tangent plane, and which passes 
through its point of contact, meets the surface, and therefore 
the curve of intersection, in two points, it follows that the 
Point of contact is a singular point in the curve of inter- 
Section, » 

When the inflexional tangents are imaginary, the point is 
x Conjugate point on the curve of intersection. When the 

exional tangents are real, two branches of the curve of 

7—2 
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intersection pass through the point of contact; and these 
branches coincide when the inflexional tangents are coin- 
cident. 


209. The section of any surface by a plane parallel and 
indefinitely near the tangent plane at any point is a conic. 

Let any point on a surface be taken for origin, and let the 
tangent plane at the point be the plane z=0. Let the 
equation of the surface be z= f (x, y); then, since z= 0 is the 
tangent plane at the origin, we have 

z— aa" 4 2hzy + by? 
+ higher powers of the variables. Ap 

Hence, if we only consider points so near the origin 
that we may neglect the third and higher powers of the 
co-ordinates, the section of the given surfaco by the plane 
Z — k, is the same as the section of the conicoid whose equa- 
tion is 

z= a2! + by" 9hay, 
by the plane z= k; the section is therefore a conic. 

The conic in which a surface is cut by a plane parallel and 
indefinitely near the tangent plane at any point, is called the 
indicatri at the point; and points on a surface are said t° 
be elliptic, parabolic, or hyperbolic, according as the in 
dicatrix is an ellipse, parabola, or hyperbola. 


210. If, atthe point (2^, y’, 2’) on the surface F' (u, y, )= un 
we have 


ar dF dF. 
dz! “dy = dg = 


every straight line through the point (a, y’, z) will meet us 
surface in two coincident points, 


Such a point is called a sin i urfac? 
D 0 1 gular point on the sur? 
All straight lines whose direction-cosinas satisfy the relatio" 


(renes i) F=0, 


j e 
wil moet the surface in three coincident points and 9 
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called tangent lines. Eliminating l, m, n, by m 

I 2 gl m,n, eans of th 

oe of the line, we obtain the locus of P thi AE 

ines, viz. the cone whose equation is 3 

ow PF jd NEZ! 

(e eap Or ape tO Hae 

Batu sag h reeda AE 
(y-y) (2-2) dydz +2 (2-2) (@—2) dz da 


, n GAY 
+2 (2-0) 9-9) 1,735 -9- 


f a surface form a 
and when all the 
lanes, the point is 


3 When the tangent lines at any point o 
rene, the point is called a conical point; 
angent lines lie in one or other of two p 
called a nodal point. 


, Ex, l. Find the equation of the tangent plane at any point of the 

FCIRE at yl +zî=ał; and shew that the sum of the squares of the inter- 
8 on the axes, made by a tangent plane, is constant. 

ed by the co-ordinate planes, 


Ex. 2. Prove that the tetrahedron form 
of constant volume, 


a 

nd any tangent plane of the surface zyz=a', is 
eres h Find the co-ordinates of the conical points on tho surface 
Points, (z1--y?- 22) +4a?=0; and shew that the tangent cones at the conical 

8 are right circular. 
(asthe conical points are (2a, E 
» — 2a, 2a). "The tangent cone at the first poin 
ziy’ +r?- 2yr- zz- 2ry=0.] 


2a, 2a,) (2a, — 2a, —2a,) ( - 2a, 2a, - 2a) and 
t is 


ENVELOPES. 


a To find the locus of the ultimate intersections of a 
paraa faces, whose equations involve one arbitrary 
Let the equation of one of the surfaces be 
F (x, y, 2,2) 7 9 
W. È n Ys $y 
here a is the parameter. 
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A consecutive surface is given by the equation 
F(a, y, z, a+ õa) =0, 


d = 
or F (a, y, 2, a) + d; ^ € y. 2, a) 6a + ...... =0. 


Hence, when 8a is made indefinitely small, we have for the 


altimate intersection of the two surfaces the curve given by 
the equations 


F(a, y, z,a)=0, and T. p(s y, z, aq) — 0. 


The required envelope is found by eliminating a from these 
equations, a 
The curve in which any surface is met by the consecu a 
surface is called the characteristic of the envelope. Every 
characteristic will meet the next in one or more points, ae E 
the locus of these points is called the edge of regression 
cuspidal edge of the envelope. 
219. To 


; e 
find the equations of the edge of regression of th 
envelope. 


The equations of the characteristic 


corresponding to the 
surface F (a, Y, z, a) =0 are 


F(z, y, z, a) = 0 and OPE a) — 0. 


The e 


3 F sae are 
quations of the next consecutive characteristic 
therefore 


P(e, y, z, a+ òa) =0 and T p( y, z, a+ 84) = 0 


aF a ak p E 
or Feu da+...=0, and jon A 
Hence at any point of the edge of regression we must hav? 
d 
F=0, =o, and dF 0. 


da? 
: ^ rom 
The equations of the edge are found by eliminating 4 5 
the above equations, 
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. 913. The envelope of a system of surfaces, whose equation 
involves only one parameter, will touch each of the surfaces 
aiong Q curve. ; 

Let A, B, C be three consecutive surfaces of the system ; 
and let PQ be the curve of intersection of the surfaces A and 
B, and PQ’ the curve of intersection of the surfaces B and 

Then the curves PQ and P'Q' are ultimately on the 
envelope. Let R be any point on the curve PQ; and let 
S, T be two points, very near the point R, one on the curve 
PQ, and the other on P'Q. Then the plane RST will in 
the limiting position be the tangent plane at R both to the 
Surface B and to the envelope; and hence the envelope 
touches the surface B, and similarly every other surface of the 
System, along a curve. 


214. To find the envelope of a series of surfaces whose 
equations involve two arbitrary parameters. 

Let the equation of any surface of the system be 

F(z, y, 2, a, b) ^ 0, 

where a, b are the parameters. 

À consecutive surface of the system is 

EF (a, y, z, a+ $a, b + 8b) =0, 

or Peyna btia B + gt Errore =0. 
Hence, when 8a and 8b are made indefinitely small, we must 
‘ave at a point of ultimate intersection 


F dF 
F=0, and ba E + 8b =O 


°T, Since ôa and 8b are independent, 
dF dF o 
F=0, d^ and db 


Hence the curve of intersection of F with any surface 
Onsecutive to it goes through the point which satisfies the 


184 FAMILIES OF SURFACES, 


equations 


dF dF _ 
F=0, qa Ù and zp = 0. 


AE ts m 
The required envelope is found by eliminating a and b fro 
the above equations. 


. es, 
215. To shew that the envelope of a series of surfac 


+ + . S each 
whose equations involve two arbitrary parameters, touche 
surface of the series, 


ith 

Let the curves of intersection of the surface F i 

consecutive surfaces of the system pass through the Pe any 
then P is a point on the envelope. Let F, F, b ts on 
two surfaces consecutive to F, and let Q, R be the Ted á 
the envelope which correspond to these surfaces. T ; 


s wL 
surfaces consecutive to F,, and therefore the surface F, 
pass through Q 


; similarly the surface F will pass through 
Hence, in the limit, the envelope and the surface F hav 


A : : one 
three points P, Q, R, which are indefinitely near to 
another, in common ; 


en 
they therefore have a common ae 

plane. Hence the envelope touches the surface F, an 
larly for any other surface, 


z „ordinate 
Ex. 1. Find the envelope of the plane which forms with the go instante 
planes a tetrahedron of constant volume, Ans, zyz— 
Ex, 


ares 0 
2. Find the envelope of a plane such that tho sum of a es 
its intercepts on the axes is constant. Ans, zi +y? £3000 


of 
Ex, 3. Find the equations of the edge of regression of the envelop? ez 
plane z sin 9 — y cos 0= 


=ztan7' 
aÓ — cz, Ans. +y?=a?, y=o eg 
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. ua- 
216. To find the general functional and differentia 69 
tions of conical surfaces, 
The equation of any 


4 tex 
zd cone, when referred to its ver 
origin, is homogeneous; 


and is therefore of the form 
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_ Hence the equation of any cone whose vertex is at the 
point (a, B, y) is of the form 
z—a Y PNE : 
ec E Orman 
This is the required functional equation. 

The tangent plane at any point of a cone passes through 
the vertex of the cone. Hence, if the equation F(x, y,z)=0 
represent a cone whose vertex is (7, 8, y), We have 

dF dF dF ^ 
@-a 2 (y - gy t 67m qz 7? Senn (ii), 
which is the required differential equation. 


. 217. To find the general functional and differential egua- 
lions of cylindrical surfaces. 

A cylinder is the surface generated by a st 
which is always parallel to a given straight line, 
obeys some other law. 

Let the equations of the fixed straight line be 

aie 
tm n 


raight line 
and which 


The equations of any parallel linc are 
E E E EE o 


XE m n 
the two constants z and £ being arbitrary. 


t Now, in order that the line (i) may generate a surface, 
here must be some relation between the constants a and £. 


Let this relation be expressed by the equation a =/(8); then, 
We have from (i) 

z-ts=f(y- Ta), 
RE F(nz —lz, ny — mz) =0 eem ay 


which is the required functional equation. 
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The tangent plane at any point of a cylinder is parallelis 
the axis of the cylinder. Hence, if the equation F (z, y) 2)= 
represent a cylinder, whose axis is parallel to the line 


wy zz 
lom n’ 
dF dE dF 
we have Leister a 
which is the required differential equation. 


218. To find the general functional and differential equa- 
tions of conoidal surfaces. 

DEF. A conoidal surface is a surface generated by ta 
motion of a straight line which always meets a fixed straig? 
line, is parallel to a fixed plane, and obeys some other law. 


The surface is called a right conoid when the fixed plane is 
perpendicular to the fixed line, 


Let the fixed stra 


ight line be the line of intersection of 
the planes 


lz p my +nz+p=0, Ve+m'y +n'z+p' =0; 
and let the fixed plane, to which the moving line is to be 
parallel, be 
Az + py + vz =0. 


The equations of any line which satisfies the give? 
conditions are 


le k my e nz p A (la+m'y+n'z+p') =0, 


and Az py+vz+B=0, 
In order that the Straight line may generate a surface 
there must be some relat 


ni 1 ion between the constants A and ^ 
Let this relation be expressed by the equation A =f o 
then we have 


lz 4 my nz 4- p i 
Tat my we tp TI Qt wy +02) usse © 
the required functional equation. d 
If we take two of the co-ordinate planes through the 37 
straight line, and the third co-ordinate plane parallel tot 
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fixed plane, the above equation reduces to the simple form 
(i). 


of conoidal surfaces which 
can be readily 


A The differential equation 
orresponds to the functional equation (ii), 
shewn to be 

dF, QdF _o 


Gant Yay i 


The differential equation may also be obtained as follows. 


— abe generator through any point is a tangent line to the 
rface; and the condition that 


may be on the plane 
dF dF dF 
(£257 (-)3, *6-23:-? 


2) represents à conoidal surface. 


whose axis is the axis ofz, 


yit2=0%. 


Ans, aiat Va. 


Ex.1, Shew that zyz=c (z?-y 


ari 2. Find the equation of the right conoid 
ose generators pass through the circle z=4, 
aut Find the equation of the right conoid whose axis is the axis of z, 
Tac e| generators pass through the curve given by the equations 

C08 nz, y=a sin nz. Ans. y=atanne. 


Ex. d 
DESI, Shew that the only conoid 


MA Cones, cylinders and conoids 
Surf surfaces, There are two distinct clas: 
Sect' ces, namely those on which consecutive genera 
Ree and those on which consecutive generators do not 
m ersect; these are called developable and skew surfaces 
€spectively, We proceed to consider some properties of 


€velopable and skew surfaces. 


of the second degree is a hyperbolic 


s are special forms of 
ses of ruled 
tors inter- 
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0. Suppose we have any number of generating lines 
of HH aa surface, that Mau number of straight ES 
such that each intersects the next consecutive. Then, i 
plane containing the first two lines can be turned about s 
second line until it coincides with the plane containing t E 
second and third lines; this plane can then be turned aby 
the third line until it coincides with the plane through t d 
third and fourth lines; and so on. In this way the whole 
surface can be developed into one plane without tearing. 


221. The tangent plane at any point of a ruled surface 
must contain the generator through the point [Art. 129]. 
the surface be a skew surface, the tangent plane will be 
different at different points of the same generator ; but, if the 
surface be a developable surface, the tangent plane will be 
the same at all the different points of a given generator, for 
the tangent plane is the limiting position of the plane 


through the given generator and the next consecutive 
generator, 


Since any tangent plane to a developable surface touches 
the surface at all points of a straight line, it follows from Art. 
213, that a developable surface is the envelope of a plane 


whose equation contains only one variable parameter. 
222. To 


find the general differential equation of develop- 
able surfaces, 


The tangent plane at any point of a developable surface 
meets the surface in two consecutive generating lines whic 
are the two inflexional tangents at the point. 


, Hence, at any point of a developable surface, the two linc? 
given by the equations 


| d d dy 
and (emen Sy ro, 


must coincide. 
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The condition that this may be the case is ` 
PF @F @F dF|-0...() 
da ' dady’ dads’ de 
ar @F dF dF 
dedy’ dy! ' dydz! dy 
PO dF dF dF 
dzdz' dydz’ d ' dz 
ap dF a | 
dz ' dy ' de 

This is the required differential equation. 

The differential equation may also be obtained from the 
Property, proved in the last Article, that a develo able surface 
is the envelope of a plane whose equation involves only one 
parameter. 

For, the general equation of the tangent plane of a 
surface at the point (x, y, 2) is 

Uy 
dy 


t-2-(E- 9d 07g, 


Hence, if the surface is a developable surface, there must 


be some relation connecting 3r and A that is, connecting 


d and A we therefore have 
dz dz 
Therefore ET r (a) ; T 
i-r (5 cap 
and 25 (a) a 
Hence a 7 (san) À 


Which is equivalent to (i). 
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993. We can find the equation of the. develope” 
surface which passes through two given curves, in the fo ot 
ing manner. ‘The plane through any two consecutive Bod 
rating lines of the surface will pass through two cse e 
points on each of the given curves; hence the tangent p 


to the required developable surface will touch each of the 
given curves, 


Now the equation of a plane in its most general fom 
contains three arbitrary constants, and the conditions © 
tangency of the two given curves will enable us to e dis 
any two of these constants in terms of the third, an ing 
equation of the plane will thus be found in a form inya ^ d 
only one arbitrary parameter. The developable surfac 
then obtained as the envelope of the moving plane. 

Ex. Find the equation of the developable surface whose generating lines 
pass through the two curves 
y!-4az, 2=0 and z?—4ay, z=c; 
and shew that its edge of regression is given by the equations 
cz? - 3ayz=0=cy?— Baz (c—2). 


20. 

gent planes of the developable be lz+my+ ntl eat 
The plane touches the first curve, if lz-- my 120 touches y? - 4ax— S 1-2 
is, if l=am*, The plane touches the second curve, if lz+my tne the 
touches z*—4ay; that is, if m(nc+1)=al?, Hence, the equation 
tangent plane of the developable is found in the form 


Let one of the tan 


t z aeli) 
am^z + my + (am — 1) SH m.m 


i), and 
The surface is therefore given by the elimination of m between (i), 9? 


GE (ii) 
2amz+y +39 m E 
For points on the edge of regression we have also i) 
(ii) 
area a pue 
m ren E nu 22 bah 
From (ii) and (iii) we have m= -4; and therefore, from (iii), ¢* we 
PRT? H = 
This is the equation of one surface 


through the edge of i 

"n i i 
obtain another surface through the edgo by substituting m= 77; ind P 
result is 3» — 23 (c — z), 


And at all points common to the surfaces ex i 
and y'z =£ (c — z), we must have cy*=3uz (c - z). 
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994. To shew that a conicoid can be drawn which will 
touch any skew surface along a generating line. 

Let AB, A’B’, A"B" be three consecutive generators of 
any skew surface, Then, [Art. 134], a conicoid will have 
these three lines as generators of one system, and any line 
which intersects the three given lines will be a generator of 
the opposite system of the same conicoid. Through any 
point Q on A'B' draw the line PQR to intersect the lines 
AB and A"B". Then this line passes through three con- 
Secutive points of the given surface, and is therefore a tangent 
line to the surface. Hence the plane through A'B' and PQR 
touches both the given surface and the conicoid. Hence the 
Breed touches the given surface at all points of the line 


By means of the above theorem many properties of a 
ruled conicoid may be shewn to be true of all skew surfaces. 


225, To find the lines of striction of any skew surface. 

Der. he locus of the point on a generator of a ruled 
Surface where it is met by the shortest distance between 
it and the next consecutive generator, is called the line 
of striction of the surface. 

If we know the equations of any generating line, we can 
at once find the direction of the shortest distance between it 
and the next consecutive generator, and this shortest distance 
is à tangent line of the surface. Hence, in order to find the 
Point on the line of striction, which corresponds to any 
Particular generator, we have only to write down the con- 
dition that the normal at a point on the generator may be 
Perpendicular to the shortest distance between the given 
Senerator and the next consecutive. 


Ex. 1. To find the lines of striction of the hyperboloid 


CONES 
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Hence the direction-cosines of the shortest distance are proportional to 
— bc sin 6, ca cos 0, ab. 


i i i he con- 
Now, if (z, y, z) be the point where the shortest distance meets t] 
secutive E] the normal at (z, y, z) must be perpendicular to the 
given generator, and also to the shortest distance. We therefore have 


Z sin 0- cos 8-0, 
a b c 


E y fu 
and gasint- ji 008 8 4,0. 


Eliminating 0, we get for the lines of striction the intersection of the 
surface and the quartic 


afl 1\2? 8/1 189 ec?&/l 1\2 
zi (a+) t» (nta) =a (- 8) : 
Ex.2. To find the lines of striction of the paraboloid whose equation is 
z y 


All the generating lines of one system are parallel to the plare 


A eed) 
cap eeeseenasveseevuaeseds: i 
The shortest distance between two consecutive generators of this system Ts 
therefore be perpendicular to the plane (i) Hence, at a point on W 
corresponding line of striction, the normal to the surface is parallel to (i) 
‘The equations of the normal at (z, y, z) are 


EUIS 
LI INPS 
a b 
Hence one line of striction is the intersection of the surface and the plane 
z 
at $570. 
Similarly, 


the line of striction of the gencrators which are parallel to the 
plane =+4=0 is the parabola in which the plane 5-B-? outs te 
surface, 4 : 

[See a paper by Prof, La: themate 
Vol. xix. page S81.) i tmor, Quarterly Journal of Ma 


226. To find the general ‘unctional ferential gue” 
tions of surfaces of ere ronal and differe 


Let the equations of the axis of revolution be 
Z-a_y-)b 


Ped 22—0 
l m 


n 


“se 
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The equations of a section of the surfa 
A ce b; l 
perpendicular to the axis are of the form E 
(z — a + (y Uy + (c o =, 
and læ + my nz =p. 
Hence, since there must be some relation between 7° and 
D, the required functional equation is 
(s — ay + (y—b)' (s — 9! =f (le + my n2). 
D The normal at every point of a surface of revolution 
tersects the axis. The equations of the normal at the point 
(z^, y, 2') of the surface F(a, y, z) = 0 are 
s-s —y 2-2 
dF e A aia 
dx’ dy dz 
the normal may in- 


By writing down the condition that 
t of the surface; 


tersect the axis, we see that at every poin 
dF dF  dF|-0j; 


dz’ dy’ ds 
a—a, y—b, 2-0 
l, m, n 


this is the differential equation of surfaces of revolution. 

$ Nore. In the above, and also in Articles 216 and 217, 

me have obtained the functional equation and the diffe- 

: ntial equation by independent methods. The differential 

ee could however in each case be obtained from the 

aie equation; this we leave as an exercise for the 
nt. 


is For fuller treatment of 
Teferred to Salmon’s Solid 


Families of Surfaces the student 
Geometry, Chapter XIL 
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l. Prove that a surface of the fourth degree can be descr 
to pass through all the edges of a parallelopiped, and that rile 
pass through the centre it also passes through the diagonals o 
figure. 


2. 


Shew that at any point on the axis of z there are two 
tangent planes to the surface a'y’ = z* (c*— 2"). 


3. Find the developable surface which passes through ^ 


parabola and the circle described in a perpendicular plane on the 
latus rectum as diameter, 


4. Find the equation 


of the developable surface which 
contains the two curves 


y'—4az, z—0; and (y - 5 = 4ez, 2-0; 
and shew that its cuspidal edge lies on the surface 


(az: + by + cz)! = Saba (y +b). 
5. The develo 


pable surface which passes through the tw 
circles whose equations are z* 4. y'-a',z-0,anda'az!— e^ p A 
passes also through the rectangular hyperbola whose equations a 
2 
z pir rs and z- 0. 


6. Prove that the surface 


T. Explain what is meant by à nodal line on a surface; and 
find the conditions for such a line on the surface $ (e, y, 2) =% o; 

There is a nodal line on th ? Ly!) 2azy 7 03 
find it. © surface z (a7 +4 9?) + 

S. Give a general explanati f th tho surfac? 
z(a +9") =2key. Shew T 9n of tho form of A 


S that every ta lane meets 
surface in an ellipse whose esent guis 


rojecti dicular 
the nodal line is a circle, ^ 7^ 0n on a plane perpen 
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9. Examine the general form of the surface 
gyz- a's — b*y — cz  2abe — 0, 
and shew that it has a conical point. Shew also that each of the 
planes passing through the conical point and a pair of the inter- 
Sections with the axes touches the surface along a straight line. 
T 10. If a ruled surface be such that at any point of ita straight 
ne can be drawn lying wholly on the surface and intersecting the 
axis of z, then at every point of the surface 


LÀ d'a Pz 
2E Oy oe pee 
e a t Y Te dy Y D 


tl ll. „Shew that the surface whose equation is determined by 
he elimination of @ between the equations 
z cos 0+ ysin  — a, 


a sin 0 — y cos 0 == (c8 — 2) 


is a developable surface, and find its edge of regression. ; 
12. What family of surfaces is represented by the equation 


26 H Describe the form of the surface whose equation is 


If n=2, prove that through any point an 


sins’ 25 tan7!. 
e z 
f which shall cut 


see number of planes can be drawn, each o 

© surface in a conic section. 

. ,18, At a point on the surface (z —y) 2 * a (z+ a) =0 there 

d 1n general only one generator, but at certain points there are 
Wo, which are at right angles. 

14. Any tangent plane to the surface a (e-r) + ayz= 0 
meets it again in a conic whose projection on the plane of ay 18 & 
rectangular hyperbola. 

15. Shew that tangent planes at p E 
surface yz? — az — 0 cut z — 0 in parallel straight lines. 

z = a? represents 


16. Prove that the equation a? + y’ +2 — sayz 1 
a surface of revolution, and find the equation of the generating 


curve, 
17. From an int 
y point perp 
generators of the surface 2(2*+ 
eet of the perpendiculars lie upon 2 


oints on a generator of the 


endiculars are drawn to the 
yf) - 2mzy 20; shew that the 


plane ellipse. 
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1 on 
18. Shew that all the normals to a skew surfaco, at pud 
a generator, lie on a hyperbolic paraboloid whose vertex is 


: it 
point where the generator meets the shortest distance between 
and the next. 


ts 

19. A generator PQ of the surface zyz — k (z* +4") =0 "ES 

the axis of zin P. Prove that the tangent plane at Q meee sa 
surface in a hyperbola passing through P, and that as Q 


ga 
along the generator the tangent at P to the hyperbola generate 
plane. 


1 hich 
20. Prove that all tangent planes to an anohor ting a 
pass through the centre of the ring cut the surface in two ¢ 


š nic 
Also if a surface be generated by the revolution of E be 
section about an axis in itsown plane, prove that a double tang 
plane cuts the surface in two conic sections, 


N f 
21. Prove that a flexible inextensible surface in the form © 


a 
a hyperboloid of revolution of one sheet, cut open e 
Benerator, may be bent so that the circle in the principal P 
becomes the axis, 


ene fs 
and the generators tho generating ines 
conoid of uniform Pitch inclined to the axis at a constant ang 


"HUS 
22. Prove that every cubic surface has twenty-seven. lin 
and forty-five triple tan, 


at 
- gent planes real or imaginary, and E: 
every cubic surface which has a double line is a ruled surface. 
Discuss some Properties of the surface whose equation 18 
V +a yw =0, 
: re 
23. Four tangent planes to any skew surface which ? 
drawn through th 


e sar 
to that of their four po 


TES 
24. Any plane through a generator of a skew surface i8 
tangent plane at some po! 


jn 
int P and a normal plane at some p° t 
P'; shew also that there is a point O on the Eque such mi 
the rectangle OP, OP’ is constant for all planes through it 
25. Shew that the wave- 
ata? by? c 
=0 
diyi d tare tayyar eT” 
has four conical points, and four singular tangent planes. 


surface, whose equation is 


CHAPTER XL 
CURVES. 


A WE have already seen that any two equations will 

dus nt a curve. By means of the two equations of the 

o Me can, theoretically at any rate, express the three 

i rapes of any point as functions of a single variable; we 

Ki d or example, suppose the three co-ordinates of any point 

a curve expressed as functions of the length of the arc 
asured along the curve from some fixed point. 


d Deci To find the equations of the tangent at any point of 


» Let z, y, z be the co- 
urve, and let a+ da, y + ôy, 


ordinates of any point P on the 
z + dz be the co-ordinates of an 


sae point Q. ‘Then, if Ss be the length of the arc PQ, 
€ have, since the arc is ultimately equal to the chord, 
8a? + dy? + ô = ôs’; 
dey, (duy V (Ey 
G9) (9) +@) =» 


k Also, since the direction-cosines of the chord PQ are 
Pipportional to Sz, 8y, dz, and the tangent coincides with the 
imate position of the chord, the direction-cosines of the 


tangent are equal to 
ds dy de 
$5 ds’ ds’ ds’ 
hat the required equations of the tangent at 
-e n"-9y.t— 
"m 


(z, y, 2) are 
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If the curve be the curve of intersection of the two surfaces 
F(a, y, 2) 20 and G(s, y, 2) -0, W-. 
the tangent line at any point is the line of a cum Es ihe 
tangent planes of the two surfaces at that point. 
equations of the tangent at any point (a, y, 2) are 


F dF 

(6-9 +o Ea E-275% 
dG 

E-o 0-084 (-2 52-0 


399. To fi 
tangent line at 
given plane. 


It is clear that the tangent line to such a pune d gy 
point is in the tangent plane to the surface at that point, 


: : nt 
5 Perpendicular to the line of intersection of the tange 
plane and the given plane, 


the 
nd on a given surface a curve such es. f 
any point makes a maximum angle w 


Let the equation of the given plane be 


læ + my 4 nz — 0. ie 
Then the direction-cosines of the line of intersection of t z 
given plane and the tangent plane at any point (z, y, 2) 
the surface F (e, y, z) =0, are Proportional to 
dE dF apr d" ,dF dF 
LUE CER Le Er a a 
The direction-cosines of the tangent to the curve are 


Hence we haye DC 
CE EEA 
tal E - nd) o 


fhe required differentia] equation, 
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If the given plane be the plane z=0, the differential 
equation of a line of greatest slope will be 


dz ds dy ds 
Ex. Tind the lines of greatest slope to the plane z=0 on the right conoid 
whose equation is z=yf (2). 


The differential equation of the projection on 2=0 of a line of greatest 


slope is z dz+ydy=0. 
. Hence the projections of the lines o 
Circles, 


230. Definitions. If A, B, C be three points on a curve, 
the limiting position of the plane ABO, when A, C are 
Supposed to move up to and ultimately to coincide with D, is 


called the osculating plane at D. ; 

The circle A BC in its limiting position is called the circle 
of curvature at B, the radius of the circle is the radius of 
curvature, and its centre the centre of curvature at B. 

The normals to a curve at any point are all in the plane 
through the point perpendicular to the tangent to the curve: 
this plane is called the normal plane at the point. i 

The normal which is in the osculating plane at any point 
of a curve is called the principal normal. j 
. The normal which is perpendicular to the osculating plane 
18 called the binormal. 

The surface which is the envelope of all the normal planes 
9f a curve is called the polar developable. * 

, The angle between the osculating planes at any two 
Points P, Q of a curve is called the whole torsion of the are 
PQ. The limiting value of the ratio of the whole torsion to 
the are is called the torsion at a point. z 

The radius of the circle whose curvature 15 equal to the 
torsion of the curve at any point, is called the radius of torsion 
at that point, and is represented by v. 

The radius of the sphere which passes through four 
Consecutive points of a curve is called the radius of spherical 


Curvature, 
Nore. In what follows we 


{ greatest slope on the plane z=0 are 


shall have frequent occasion 
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to employ differential coefficients with respect to the arc; and 
we shall for shortness write a’, æ”, æ” &c. instead of 
dz da dw, 
us dst dg 
231. In the annexed figure A, B, C, D, E, F... are sup- 
posed to be consecutive points of a curve, and p, q, T... are 
the middle points of the chords AB, BC, CD.... Planes are 
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drawn through p, q, r... perpendicular to the chords AB, BC, 
CD..., and LP, MQP, N.RQ... are the lines of intersection of 
the planes through p and q, q and r,r and s,.... The lines pL, 
qL are in the plane ABC, and perpendicular respectively to 
AB and BC; the lines qM, rM are in the plane BOD, and 
perpendicular respectively to B0, CD. 

Then, in the limit, when the chords AB, BC, CD... 
become indefinitely small the planes ABC, BOD,... become 
Osculating planes of the curve; the planes pLP, qMQ,... 

ecome normal planes of the curve; the points L, M, N be- 
come centres of curvature of the curve; the lines LP, MQP, 
VRQ... become generating lines of the polar surface, and are 
called polar lines; and the points P, Q, R... become con- 
Secutive points on the edge of regression of the polar 
surface, 

All points on the plane pLP are equidistant from A and 
B, all points on the plane qMP are equidistant from B and 
C, and all points on the plane rMP are equidistant from 
and D; therefore a sphere with P for centre will pass through 
4, B, O, D; hence the edge of regression of the polar surface 
ts the locus of the centre of spherical curvature. 

282. To find the equation of the osculating plane at any 
point of a curve. 

Let P, Q, R be three consecutive p 
that PQ~ QR — 3s; and let s be th 
measured from some fixed point up to Q. 

Then, if the co-ordinates of Q be z, Y, Z those of P, for 
which the arc is s—6s, will be, if we neglect powers of ôs 
above the second, 


oints on the curye such 
e length of the arc 


r "u f z" 1 
z- as 4 Ò”, y-y55 às, 2-2 dst v Oss 


a the co-ordinates of R will be found by changing the sign 
s. 


The equation of any plane through Q is of the form 


Le-a) +Ma-9)+N 6-97 
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If this plane pass through the points P and R, we must 
have 


La! + My +N? =0, 

Lea" + My" + Nz" =0; x. 
and, eliminating L, M, N, we have the required equation © 
the osculating plane, namely 
£-z0-y, 6-2 

d, y, Z 
a’, yf’, x 
233. To find the equations of the principal normal, and 
the curvature, at any point of a curve. 
Let P, Q, R be three points on a curve such that 
PQ=QR=8s, E 
Then, if Y be the middle point of PR, QV is in the plane 
PQR; and, since the chords PQ and QR only differ by cu 


of às, QV is ultimately perpendicular to PR, and is therefore 
the principal normal at Q. 


a t 
Then, the co-ordinates of P, Q, R being as in the Jas 
Article, the co-ordinates of V are 


=0. 


a" y E 
f 6s", y+ % 83%, 2 Os. 
Hence the equations of QV are 
zz ee MK NUN 


-4- 
7 adi, jg the 

e PQR, in its limiting position, 3e es 

Hence, if p be the radius of curva 


Again, the circl 
circle of curvature, 
we have in the limit 


4 
But QV:- z (2 +y + 2"*). and PQ = 25; 


1 n wes 
Diac ty a 
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Hence, the direction-cosines of the principal normal, which 
from (i) are proportional to a", y", 2", are equal to 
px”, py” and pz". 
The co-ordinates of the centre of curvature are easily seen 


to be 
a+ pa, yt py a P 


934. To find the direction-cosines of the binormal. 


The binormal is perpendicular to the osculating plane. 
Hence, if 1, m, n be the direction-cosines of the binormal, we 
have from Art. 232 

l Ain n 
v=o ae dy ye 


ysg-»y 
But 
(y'2" — zy" (ga — a'z") + (zy — yay 


" mo ng ote? 
= (a^ y^ 4 z^) (x 4 y^ 27) — (aa: 4 yy" t 22) 


LE 

p. 
Since c+ yt 2121, 
and therefore ain’ + yy" 3 rz =0. 


Hence the required direction-cosines are 
» 
^V r Dy p (zz — a'z"), p (z'y" = yc ). 


p (z' — zy 
235. To find the measure of torsion at any point of a 


i i he 

Let 1, m, n be the direction-cosines of the normal to t 
sculating plane PI and let 1+ ôl, m + bm, n m be um 
irection-cosines of the normal to the osculating piane "s , 
Where PQ=ôs. Then, if ôr be the angle between the 
°sculating planes, we have 


sin? ôr = (môn — nom) + (nòl — lôn)’ + (lm — môl). 


204 MEASURE OF TORSION. 
Hence, in the limit, Fe ny E! A 1 f 
Ger a) (x) (soma 
or, 2 = (mn! — mn + (n — wl + (Im^ — Um)... (i). 
Now lzp(yz'— zy; 


a V= p(y" zy") + d (y'2" — ay), 
and similarly for m’ and n’, 


n^ 
Hence mn’ —m'n= P (Za — a'z") (xy — y'a") 


n la" 
= pt (Za — az") (ay! —y'2") 
DANa y, 
a’, oy, a 
Vr n ak 
City ONDE 
seh, . or 
We can find similar expressions for n/— n'l, and f 
ln’ — l'm; and substituting in (1), we have 
te vlc Ar 
pa a y" 2M 
m 


a”, y", g" 


236. To find the condition that a curve may be a plané 
curve, 


Let z, y, z be the co-ordinates of any point P on the 
curve, expressed in terms of the arc measured from a fixes 
point up to P; and let Q be the point at a distance 4 
measured along the curve from P. Then the co-ordinates 
Q will be 


2 8 
tte entis 


MEOS c? 
ytoy tgrt pr i 


ar 
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If all points of the curve are on the fixed plane 


Az +By+Cz+D=0, 
the equation 


3 
ci MEO) 


A (s od tī” sete) 


2 3 
+B (y+oy er trt) 
2 


s 
[A 9 on 
Ta? 


+O(z+oz +g? +B e)e2-0 
will be satisfied for all values of e. 


The coefficients of all the different powers of o must 
therefore be zero. Hence we have 
Aa +By +02 =0, 
Aa" + By” + Cz" =0, 
Ax" + By” + 02" =0. 


The elimination of A, B, C gives 
21 yon EO 
a, as s 
a”, y^ * 
a relation which, since P is arbitrary, must be satisfied at all 
points of the given curve. 
i icle it will be seen 
From the result of the preceding Article it wi 
that the above condition simply expresses the fact that the 
torsion is zero at all points of a plane curve. 


The condition that a curve may be a plane curve may 
also be obtained in the following manner. 


The direction-cosines of the normal to the osculating 


Plane are [Art. 234] 


rt 


owe" ny). p (at c) and p (E! - y Y 
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Since these are constant, we have 
UT ie riers LO Ae 
pz" zy") + É a" —2'y")=0, 


naw 


TM (er a2") =0, 


md play" gu Pay). 


Multiply these equations in order by a”, y”, 2’ and add: 
we then have 


2" (y/2" —2'y'") ay" (ee — ate") 4 z" (z'y" —y'2") = 0, 
which is the same condition as before, 
237. To find the centre and radius of spherical curvature. 


The locus of the centre of spherical curvature is the edge 
of regression of the polar surface, that is of the envelope 
normal planes of the curve. is 

The equation of the normal plane at the point (2, y» z) 

E-a) 2 + q—y) y+ (E8)? = 0.a (i). F 

Hence [Art. 219] the corresponding point on the edge 


regression is the point of intersection of (i), and t 
two planes 


f 


(£-2)a" + (ny) y" + (£— z) 2” y 

—a E Oe (ii), 
and (E~a) al" 4. (n—3)y" + -az= or GD 
anca gata yy' +z" =0. 
238. In the figure to Art. 231, we have 

P-pL-qL, p+8p=qM — rM, 
èr = IgM = LPM. T 

If K be the point of intersection of MQP and gKL, v 
have to the Second order, Mq = Kq, and KP = LP; 


5 LE Bp, 
and Lp-LK de 


ôr zc 


and 


ultimately .........«- © 
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Also pP =p +L"; 
dp\* 
opps pba. (Ge 
- R=p +(2) et 
where R is the radius of spherical curvature. 


Projecting the sides of the triangle KLP 
x, we have, if J, m,n be the direction-cosines 0 


on the axis of 
f the binormal, 


np, _ GP At 
Sp . px at gO 


therefi : 4 dp di di ds 
ore ultimately pv = dedo d 


er pi” = Ol arene (iii). 
Since l= p (y'z' — zy") [Art. 234] we have from (iii) 
7 M pa dp poy gy 
pa" = ap 2" - 237) + og, n ci 
Similarly py" = op (2'z” — az” )+o de (za — a'z"), 
PN CI 9210-13. 
and pz" = op (c — 4 tog (ey — y'a"). 


Multiply the last three equations b) a ym respectively 
aud add; then we have, as in Art. 235, 


/ ' : 
1 Ph) A eoa c coca (iv). 
eS j 
ge^ zs y^ E 

rie pou 

a”, y^ F 


f e to Art. 231, M and L are the 
eet of the perpendiculars from g 0? two consecutive tangents 
to the WES POR, if we substitute R, p ang 7 for r, p, y in 
either of the known formulae 7 dy or p+ in for the radius 
e curve, We shall obtain the radius of 


239. Since, in the figur 


A curvature of a plan Y 
urvature of the edge of regression. 


208 THE HELIX, 


Hence the radius of curvature of the edge of regression is 
equal to 
RÆ Or to p ra 
dp dr 
[For this and the preceding article see a paper by 
Dr Routh, Quarterly Journal, Vol. vir.] 


240. The following examples will illustrate the use of 
the different formulae we have investigated in this chapter. 


Ex. 1. To find the curvature and the torsion of a helix, 


A helix is a curvo tr: 


e 
aced on a right circular cylinder so as to cut all th 
generating lines at the 


same angle. Its equations are easily seen to be 
z=acos 0, y=a sin 0, z=a0 tana, 
Hence 2 =~asino, e y'—acos6 . o, 


z'—atana.Ó0'. 
Square and add, then 1=a%9 


"7 geo? a, 
2 A S" a H 
We therefore have a” — -cos 98 a. y'=- sing ot, z-0j 
a 
DEN ETT mi 3a, 2" —-0. 
and also z =p" n 6 cos a, y= — — cos 0 cog ag =0. 
a? ? a? 
l costa a 
Hence a=; Tpz. 
p az» Op costa’ 
n Ls —sin 6cosa, cos 0 cos a, Sina 
pe 


1 
7 7.008 0 cos? a, - lin o cosa, 0 


1 1 
zein cosa, — 23098 0 costa, 0 


= 1 5 t 
= qi 008 a sin a; 


a 
iy) Terni come j 

It should be noticed that the principal 3 endicular' y 
the axis of the Cylinder. This 4 at Oboe als all intersect IE 


B 
Seen at iti e oquatio"' 
of the principal normal ei 6, namely av once by writing down the od 


z-as -asi 
9 _y-asing 


z-a0itana 
cos 8 XE 


sing 7 —— 93 —* 
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Ex. 2. i inci 

osculating on tet b aat pup d pim mori d erre 
z — 4a cos? 0, y —4a sin? 6, 2—3c cos 2A. 

We have z'= — 12a cos? 0 sin 0 . 6’, 

12a sin? 0 cos 0 . 6’, 

z= -Ocsin20 . 0'. 


Square and add, then 1=6 y (a?- c) sin 20 . 0". 


Hence z-- Re Mh s. 
a- arpa Yer 9 =~ are 


cosec@, 2” =0. 


ee = um e 
sech, Y= Tat +c) 


SE E 
Bat) 
The equations of the principal normal are therefore 
gæ-4acos0 y-4a sin? 0 _ z— 3c cos 20 
snó ^  co0 0 " 


. The equation of the osculating plane is 


z — 4a cos? 0, y — 4a sin? 0, 2 - 8c cos 20 |—0. 
—a cos 6, asin 6, -¢ 
sin 0, cos 0, 0 


the co-ordinates of any point of a curve 
ordinates are the tangent, the principal 
h the arc is measure 


fn Ex. 8, To find to the third order 
"6 terms of the arc, when the azes of co- 
rmal, and the binormal at the point from whic 


„Let OX, OY, OZ be the tangent, principal normal, and binormal at the 
Point O of a curve, Let z, y, z be the co-ordinates of a point ata distance s 


from O, and let 1 and Í be the curvature and torsion of the curve at O. 
EG 
Then, at the origin, z'=1, y'-0, £-0; 
also pz"=0, py"=1, z"=0. 


We have, at any point of the curve, 
r az! yy e r2 =. 

Differentiating, we have 

L paz" yy" t s 


p 


"20. 


Also, by differentiating 
lQ04y7242^, 
We have at any point 
Bee al aa ene) 
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Also we know that 


Az, y, | 
Pe dg" yos 
[z^ 9^4 wd 
From (i), (ii), (iii) we seo that at the origin : 
EN 
Hence, by Maclaurin’s Theorem, we have to the third order 


eS dp Ld 


s Ian 
goi-g31372,- Gs ds ae Gnas 
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incipal 
l. Find the equation of the surface generated by the princip? 
normals of a helix. 


9 


2 


Find the osculating plane at any point of the curve 
z=acos6+bsin 6, y=asin 0 +b cos 0, z= c sin 20. 


3. Find the e 


int of 
quations of the principal normal at any point 
the curve 


z'-y'-a, aso! y E 
4. A point moves on an ellipsoid so that its directis. 
motion always passes through the perpendicular from et t the 
of the ellipsoid on the tangent plane at any point; shew t P the 
curve traced out by the point is given by the intersection > 
ellipsoid with the surface 
BSR atid e constant, 


. H m 
l, m, n being inversely proportional to the squares of the 8° 
axes of the ellipsoid. 


i- 


" tho 
9. A curve is traced on a tight cone so as to cut ee 
generating lines at the sa: 


*aptioll 
he same angle; shew that its project!” 
the plane of the base is an equiangular spiral. lute 
ny curve has an infinite number of ducas of 
ar developable. Shew also that.the 10 
pal curvature is not an evoluto. 


6. Shew that a 
which lie on its pol: 
the centre of princi 
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T. Ifa circular helix be drawn passing through four con- 
secutive points of a curve in space, prove that when the four 
points ultimately coincide the radius of the helix equals ER ge , and 

i p 


F 
its slope is tan^' P. 
c 


8. Shew that if the osculating plane at every point of a 
EU pass through a fixed point, the curve will be plane. 
ence prove that the curves of intersection of the surfaces whose 


4 a* - 
equations are x’ +y * z' — 9^, and a'4y'2'- are circles of 
2 


radius a, 
. 9. Prove that the helix 
circular curvature and radius of torsio! 
10. A curve is drawn on the cylinder whose equation is 
Bix? + a'y- ab! = 0, 
Cutting all the generators at an angle a; shew that its radius of 


curvature at any point is pcosec'a, where p is the radius of 
curvature of the principal elliptic section through the point 


ll. I£a curve in space is defined by the e 
æ= 2acos t, y= 2a sin £, z=bť, 
Prove that the radius of circular curvature is equal to 
2 (œ+ vey 
a [ors oes” 
radius of spherical curvature, 
d — the tortuosity at any 
Cc 


is the only curve whose radius of 
n are both constant. 


quations 


12. In any curve if R be the 
p the radius of absolute curvature 


Point (x, y, z), then " 
eat (Py, (FS lala 

«(y Gn) ptt 

the normal to the osculating plane at 


13. If 
the! tangent cm ith any fixed line in space, 


any point of a curve make angles a; B vi 

shew that sina de 7 where UM l gre the curvature and 

tortuosi snB'dB p’ D, 
uosity respectively. 


an 
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14. Find the curvature and torsion at any point of the curve 
in question 5. 


15. Prove that the origin is the centre of absolute enrye 
of the curve at? + by? ec -1l, ri ey! rz — 1 at all points, 
whose co-ordinates satisfy the equation 


a-r b- c-r 


- $ k " inclined 
16. A curve is drawn ona right cireular cone always inclini 
at the same angle a to the axis; prove that o =p tan a. 


" int 
17. If p, c be the radii of curvature and torsion at any poin! 
of a curve in space ; p', o’ similar quantities at the correspon 
point of the locus of the centre of spherical curvature, then 


pp’ =c0". 


ee e 

18. Every portion of a curve is equal and similar to the 

corresponding portion of the edge of regression of the polar. tha 
face ; prove that the tangent to it makes an angle of 45° wi 


f 
fixed L lane, and that its projection on that plane is the evolute © 
a circle. 


19. Shew that if along tl 
taken at a constant distance 
tangent to the given curve, 
the osculating plane of the 


+4 be 
he tangent to any curve a ponte 
c from the point of contact oa in 
and if p, be the radius of MOT 
curve traced out by the point, the 

(+ pi)* cp (cl +p" dp\* 

diia ee) M (e st-o 2) ; 


sean 
„Where p and c are the radii of curvature and torsion of the gi” 
^ eurve. 
20. A circle 


= ich 
j of radius a is traced on a piece of paper, Ms if 
is then folded 80 as to become a cylinder of radius b; shew in the 
p be the radius of curvature at any point of the curve whio? ^. 
i :ctance 
circle now becomes, then at scis cos*5.. where s is the dista™ 
p' a! a à 
measured along the are, of the point from a certain fixed poi* 
the curve, 


CHAPTER XII. 


CURVATURE OF SURFACES. 


241. WE have already seen, in Art. 209, that the section 
ee any surface, by a plane parallel to and indefinitely near 
he tangent plane at any point O on the surface, is a conic, 
which is called the Indicatrix, and whose centre is on the 


normal at 0. 

242, Let any section of the surface, drawn through the 
normal OV, cut the indieatrix in the diameter QVQ’, and let 
p be the radius of curvature at O of the section. Then we 


have, in the limit, 2p. 0V — QV*. Hence, for different 
of curvature varies as 


ee sections through O, the radius j 
ie square of the diameter of the indicatrix through which 


the section passes. 


243. Since the sum of the square 


9f any two perpendicular semi-diame 

constant, it follows from the last article that the sum of the 

reciprocals of the radii of curvature of any two perpendicular 

VM sections through a given point of a surface is con- 
nt. 


244, Since the semi-diameter of a conic has amaximum 
and a minimum value, it follows from Art. 242 that the 
radius of curvature of a normal section through any point of 
a surface has a maximum and a minimum value, the corre- 


Sponding sections being those which pass through the axes of 
8 


the indicatrix. 
S. s. @, t 


s of the reciprocals, 
ters of a conic 1$ 
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The maximum and minimum radii of curvature are alleg 
the principal radii of curvature, and the corresponding 
normal sections are called the principal sections. i 

The locus of the centres of principal curvature at a 
points of a given surface is called its surface of centres. 


245. If the axes of æ and y be taken in the direction of 
the axes of the indicatrix the equation of the surface will d 
when the terms of the third and higher orders are neglected, 

2z = aa? + by’, ; 

Let p,, p, be the principal radii of curvature, that is the 
radii of curvature of the sections made by the planes y=" 


1 zr 
t —Ü respectively; then it is clear that p,— 2 and p, — 7 


Hence the equation of the surface will be 


a 
eae 


Pi Pa A 
The semi-diameter of the indicatrix which makes 
angle @ with the axis of z is given by 
2z cos'Ü  sin'ü 
SNL a cae ding 
If p be the radius of curvature of the correspon 
Section, we have = 2pz. 


Hence la cos’  sin*ü - 


d uo Py Ps ler 
The results of Articles 243, 244 and 245 are due to Euler. 


Bia 
p B X at any point of a surface - all 
ellipse, the sign of the radius of curvature is the same for 9. 


irection, so that the surface, Zi the 
neighbourhood of the point, is entirely on one side » pe 
tangent plane. The surface in this case is said to 


Synclastic at the point, 


‘When the indicatrix is an h 


; f the 
bola, the sign o 
radius of curva REN Bate 


‘mes 
É 3 STA ime 
ture is Sometimes positive and some 
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negative, shewing that the concavity of some sections is 
turned in opposite directions to that of others. The surface 
in this case is said to be Anticlastic at the point. 


The radius of curvature of a section which passes through 
an asymptote of the indicatrix is infinite; hence the 
asymptotes divide the sections whose concavity is turned one 
way from those whose concavity is turned the other way. 


In the figure of Art. 71, the concavities of the sections 
by the planes z—0 and y=0 are turned in opposite direc- 
tions; and the normal sections through the two generating 
lines at O are the sections of zero curvature. 


When the indicatrix is a parabola, that is to say is two 
parallel straight lines, which become ultimately coincident, 
One of the principal radii of curvature is infinite; and, if Pi 
be the finite radius of principal curvature, the curvature ot 

cos 


a--—. 


any other normal section is given by the formul: mt 
1 

247. To find the radius of curvature of any oblique 
Section of a, surface. 

Let any oblique section through the po 
cut the indicatrix in the line RKE, and let the normal 
Section through the same tangent line cut the indicatrix 
in the line QQ’ parallel to RAR’. Let E; V be the middle 
points of RR’, QQ’ respectively, and let p, p, be the radii of 
curvature of the sections ROL’, QOQ respectively. 

Then we have, in the limit, 

2p. 0K =R, 
And 2p, - ov=QV’. 

But OV, and therefore VK, is small compared with QV; 
hence RR’ and QQ’ are ultimately equal. Also 
OV=0K cos 9, 


where @ is the angle between the planes ROR 


int O of a surface 


and Q0Q' 
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Hence we have ultimately, 


POET 
s OR cos 0, 
or P =p cos b. 


This is called Meunier’s Theorem. 


rt. 
248. From Meunier’s Theorem, and the shane Ax 
245, it follows that if two surfaces touch one anot wn. 
have the same radii of principal curvature at the p 


. same 
contact, then all sections through that point have the 
curvature. 


H to 
249. The following proof of Meunier's Theorem is due 
Dr Besant. 


ace, 
Let OT be any tangent line at the point O of A p. 
and let P be a point contiguous to O on the norma oblique 
through OT, and Q a point contiguous to O on an ‘be to 
section through OT. ‘Then a sphere can be descri 1 she 
touch OT at O, and to pass through P and Q; OP are 
sections of this sphere by the planes TOQ, TN o 
ultimately the circles of curvature at, O of the & Theorem 
the surface by those planes. Hence, as Meunier's 
is obviously true for a sphere, it is true for the surface. 


Ex. 1. Find the 


A urface 
principal radii cf curvature at the origin of the 8075 
2z=622_ Say - 0y*. 


Ans. fs TT 


Ex.2. Find the radius of 


o 
é o curv" 
principal curvature at any point of th 
of intersection of two surfaces, 


Let p be the required radi 


us of curvature at any point P. 
surfaces inter: 


ween 
sect at an angle a, and let 0, a —0 be the angles bet 


the 
intersection, and the normals i the two 
f curvature of moral seek NUN 

igh the tangent lino at P. Then, by Meunier's The 


P=p, Cos 0, and p— p, cos (a — 0). 
Hence, eliminating 0, we have 
sing 1 1] 
Nit = P ay p m cr) 
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250. DEF. A line of curvature on any surface is a curve 
such that the tangent line to it at any point is a tangent line 
to one of the principal sections of the surface at that point. 


251. The normals to any surface at consecutive points of 
one of its lines of curvature intersect. 

Let P be an extremity of an axis of the indicatrix which 
corresponds to the point O of a surface, then O, P are 
consecutive points on a line of curvature. 

Let V be the centre of the indicatrix, then OV will be 
the normal to the surface at O. 

The tangent line at P to the indicatrix is perpendicular 
to the normal to the surface at P; it is also perpendicular to 
OV; and, since P is an extremity of an axis of the indicatrix, 
the tangent line is perpendicular to PV. Hence OV, PV, 
and the normal at P are in a plane, and therefore the 
normals at O and P will intersect. 

Conversely, if the normals at P and O intersect, the tan- 
gent line at P to the indicatrix will be perpendicular to the 
plane which contains the normals at O and P; therefore the 
tangent line will be perpendicular to PY, and hence PV is 
an axis of the indicatrix. 

259. To find the differential equations of the lines of 
curvature on any surface. 

Let F(a, y, z)=0 be the equation of the surface. Then 
the equations of the normal at any point (a, y, 2) are 

bomen aye tes 
dk dit alt * 
da dy dz 
The normal at the consecutive point 
(z 4 dz, y+ dy, z + dz) is 
E-z—-ds _ n-y- Wy _ £—2—dz 
dF dF) dk a (5) dP g (zy 
dst (m) a^ a) at e 


, 
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The condition of intersectii 
the equation 


on of the two normals gives 


dz, dy, dz = 0...(i). 
dF dF dF 
da’ dy’ dz 


(2). a), «() 


Since (s+ da, y - dy, z + dz) 
also 


ve 
is on the surface, we ha 


de de + Pay Pao, (i, 


dy 


The equations (i) and (ii) 
equations. 


i i tial 
are the required differen 


the 
253. To find the principal radii of curvature, and 


lines of curvature, on a surface 


It is clear that the normals 
a meridian lie in the plane 


on : 5 er 
meridian ; hence normals at consecutive points on a m 


intersect, so that any meridian 


of revolution. ew 
to the surface at all poin iat 
through the axis an idian 


Jt is 
is a line of curvature. 


3 any 
also clear that the normals to the surface at all points of ace 
circle whose plane is perpendicular to the axis of the 


meet th 


circle is a line of curvature. 


€ axis in the same point, and therefore any 


suc: 


A jure 
Hence the lines of curv 


» : ich are pe 
are the meridians, and the circular sections whic 


pendicular to the axis, 
„It is easy to see that one 


j A rve 
point P is the radius of curvature of the generating ie 
other principal radius is the lengt 


P; and that the 


" by 
of the principal radii at aay 
f the 


normal intercepted between P and the axis. 


the 
254. The tangent plane to a developable touches 


surface at all points of a 
to the surface at all p 
parallel; hence norm 
that one set of the lin 


generating line. The horefore 
oints of a generating line are t ect, 
als at consecutive points inters MO 

es of curvature of a developable 
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generating lines, the corresponding radii of curvature being 
infinite. 


The other lines of curvature are curves which cut all the 
ferns lines perpendicularly; and hence, if the surface 
be developed into a plane, the lines of curvature will become 
involutes of the curve into which the edge of regression 
developes. 


In the particular case of the developable being a cone, 
the lines of curvature will cut the generating lines at a 
constant distance from the vertex, and hence they are the 
eurves of intersection of the surface and spheres with the 


Vertex for centre. 


Ex.1. Find the surface of revolution which is such that the indicatrix 
at any point is a rectangular hyperbola. 


The principal radii of curvature must be equal a 0 
Hence the ies of curvature at any point of the generating curve must be 
equal and opposite to the normal: this is a known property of a catenary, 
Hence the surface is that formed by the revolution of a catenary about 


its axis, 


Ex, 2. Shew from the general differential equations of lines of curvature, 
at one system of lines of curvature on a cone are the generating lines, 
and the other system are the curves of intersection of the surface and con- 


centric spheres. 


nd opposite at any point. - 


The equations are à 
dy , dz |20. (i) 


dF dF aF 
a ' dy ' 


dF dr (a) 
a(z ? a (2): Va 


and 


Since the surface is a cone whose vertex is at the origin, we have 
aE dP, dk _ 
zat En T 


zd (i) +yd (u) T id ($) EXE A 


therefore from (ii) 
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Multiply the terms of the columns in (i) by z, y, z respectively, and add; 
then on account of (iii) and (iv), (i) will become 


dz , dy , zdz+ydy+zdz|=0. 


Hence either 


or Vip 


From (v) we have zi y! z3— constant, 


inter- 
shewing that one series of the lines of curvature are the curves of i 
section of the surface and concentric spheres, 


From (vi) we have 


where l, m, n are constants, Hence, from (iii), we have 


lz+my+nz=0, 


ting 
qus shews that the other series of lines of curvature are the gener? 
ines, 


the 
Ex. 3. If two surfaces cut one another at a constant angle, and be 
curve of intersection be a line of curvature on one of the surfaces, i 
a line of curvature on the other, 


3 d 
Let P, Q be any two consecutive points on the curve of intersection, Q 
let Oab be the line of intersection of the normal planes of the curve Xt inter- 
where O is in the osculating plane of the aro PQ. If the curve O o that 
section be a line of curvature on one of tho surfaces, the normals jn the 
surface at P, Q must intersi 


1 ect, they will therefore meet the line Odi 
same point, a suppose. 


ively. 
Let the normals to the other surface at P, Q meet Oab in c, c" respecti a, 
The triangles OPa, OQa are equal in all respects, for PO=Q0, t angle 
and Oa is common, And, since the surfaces intersect at a constans egual 
the angles aPc and aQc' are equal. Therefore the angle OPc, OQc oc 06 0 
Dut the angles POc, QOc' are equal and PO—QO. Therefore 
This proves the proposition, 


" . ature 
Ex. 4. If the line of intersection of two surfaces be a line of cur” 
on both, the two surf; 


aces cut at a constant angle. $ 
For let P, Q be any two consecutive points on the curve of interse 0 
let the normals to one surface at P, Q meet in a, and the normals mo? 
other surface meet in b. Then, we haye Pa=Qa, Pb=Qh, and ab ual. 

to the two triangles aPb, aQb. Hence the angles aPb and aQb are ed 


ioni 
ctii ihe 


DUPIN'S THEOREM. 221 


Ex. 5. Ifa line of curvature be a plane curve its pl i 

Surface at a constant angle. i a sn 

th Any line is a line of curvature on & plane (or on a sphere). The theorem 
ereforo is a particular case of Ex. 4. 


255. If three series of surfaces intersect at right angles ct 
all their common points, the curve of intersection of any two 
is a line of curvature on each. (Dupin’s Theorem.) 
of intersection of three of the 
surfaces, one of each series, and let the three perpendicular 
tangent planes be taken for co-ordinate planes. The equa- 
tions of the three surfaces will then be 

Qa ay? +b? + 2hħhyz eee 20... (1), 
2y + a2 + b'a + 2za +. Peeerers(1)s 
9z + a" a? - i^y + Qh ay eee Okseeze s (11)? 

At a consecutive point common to (i) and (ii) we have 
$—0,y—0,z —z, where z is very small; and the tangent 
planes to (i) and (ii) at (0, 0, z’) are ultimately 

at bee + hyz =0, 
y azz Maz — 0. 

The condition that these may be at r 
hie + hz +ab2"=0, 
=0, We have similarly, since the other 
surfaces cut at right angles, hth’ =0, and h”+h=0. 
Hence h=} =h” =0, and therefore the axes are tangents to 
the lines of curvature on each surface. This being true at all 


Points of intersection of three surfaces, it follows that all 
curves of intersection of two surfaces of different systems are 


lines of curvature on each. 
We have proved in Art. 164 that confocal conicoids cut 
One another at right angles at all their common points. 
ence, one system of the lines of curvature of an ellipsoid 
are its curves of intersection with confocal hyperboloids of one 
sheet, and the other system of lines of curvature are the 
curves of intersection with confocal hyperboloids of two sheets. 


Take for origin a point 


ight angles gives 


or, ultimately, A +h’ 
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256. To find the principal radii of curvature at any 
point of a surface. 

Let E, 7, £ be the co-ordinates of the point of intersec- 
tion of the normals at two consecutive points (æ, y, 2) and 
(z -- dz, y+ dy, z+ dz) of a surface, and let p be the radius 
of curvature at (z, y, z) of the normal section through those 


points. Then [Art. 251] p is one of the principal radii of 
curvature, and we have 


22 
mi 


z % Y VEE 


da) " \dy 


And, since (£, 7, £) is also on the normal at (s + d^ 
ytdy, 2+dz), we have by differentiating the preceding 
equations, considering £, n, £, p as constant, 

0 =de + 2 q (22) pde d 
Eu (22) eda’ 
and two similar equations, 
Since 
dF\ dF dip ar 
aT) Tau, PP gy4 UF a, 
T) = URS dsdg ^13 dada 
and similarly for d (45) and d (= ) the equations may be 
" y dz/" 
written 


_(* UF dip 2 dF 
On G+) dot EE ay PF gg EE, 


ie dady” + Jod” — X dz 

02 7 dz (5 OF UF p dedP, 

Tady eee) yt d- x dy 

Y dr 2 dF 

(Vass K dF dk dt 
deda tya ty (552) ds— da ! 


We have also 
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Eliminating dz, dy, dz, dr we have for the determination 
of the principal radii the equation 
e EP gR PRO af =o 
pt da?  dedy! dads’ dex | 
GPF «,@F @F dEl 
ddy p dy^ dy dy 
BE ETE E E 
dedz’  dydz' p dz’ as 
aE dF gE 0 
dz’ dy’ dz’ | 
257. To find the umbilics of any surface. 


At an umbilic the indicatrix is a circle. 
Let the equation of the surface be F(z, y, z)=9, and 
let (a', tf z’) be any point on it. The equation of the surface 
referred to parallel axes through (z^, y^, £) will be 
dF dF, dF doc dada 

c -—, E Ket — L pers) Ft. =O. 
det Vay Sag ts (eden ttis) + 
Hence the indicatrix is similar to the section of the 


Conicoid 


Qu. OF «ar dr 
ani rapi qp t yarn 
b ma 2-3 ey 1-0 «0 
‘ dz dy’ da! dy 
by the plane dS 
dF — M ee vconecvercses 11), 
erg tVay dé 0 (ii), 


found [Art. 125, Ex, 5] the conditions 
a conicoid may be circular. 
6 it is clear that the two values 


and we have already 
that a given section of 


From the result of Art. 25 
o £ are the squares of the axes of the section of (i) by (i). 
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258. To find the radii of principal duran. aun E 
lines of curvature, of the surface whose equation is z=f (2, E 

Let (E, n, £) be one of the centres of principal curve a 
at the point (z, y, z), and let p be the corresponding T 


of curvature, Then, the equations of the normal at (z, y, 2) 
will be 


£-zs -"-y t—-z 


i p ; 
p q  -1 JWürr-tq) 

therefore £—-s-—p(t—z) 

and 29 e.g (Ga): 


s 
Since the normal at (z +da, y * dy, z+ dz) also Ping 
through (£, y, £) we have, by differentiating the prece 


equations, 

— da — — dp (E— 2) + pdz, 
and -dy = — dq (£— z) + qdz; , 
thatis — —dz — p (pde + gdy) — (¢— 2) (rde + sdy)...) 
and — —dy—q(pda + qdy) — (£— z) (sda + tdy).-- (5). 

Eliminating £— z from (i) and (ii) we have 
Q +p’) de+pgdy pgdz4- (14 q) dy, 
rde+sdy sda + dy ’ 


therefore (1 *p)s-pgr + {(l+p)t-(1+ q)r ay 


* {pgt—s(1+9%)} (44) = 0...(H) 


which is the differential equation of the projection of the 
lines of curvature on the plane z= 0. 


Again, from (i) and (ii) we have, putting « for 
Vx. 
Tp 8 
(reta 7) da (va + =P) dy=0, 


and (pa+ ae (14 q4 8) yao, 
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H 2 ,7P 2 tp sp\" 
po (i6 (149+ 2) - (e+) =0; 
r 
(rt —s*) p* + r {t (1 +p") +r (1+ g) — 2p95} p + — 0...G¥), 
which is an equation giving the principal radii of curvature. 


259. At an umbilicus the directions of principal curva- 
ture are indeterminate; hence the conditions for an umbilicus 
are, from equation (iii) of the last Article, 

lop 144 7q 
p EGO 

960. Der. The whole curvature of any portion of a 
surface, bounded by a closed curve, is equal to the area cut 
off from a sphere of unit radius by radii which are parallel to 
the normals to the surface at all points of the curve. 

The average curvature of any portion of a surface is the 
ratio of the whole curvature to the area of that portion. 

The measure of curvature at any point is the average 
curvature of a very small portion which includes the point. 

. These definitions, which are analogous to the definitions 
in plane curves, are due to Gauss. t 

The curve traced out on the unit sphere as above is 
called the horograph of the given portion of the surface. 

261. To shew that the measure of curvature at any point 
of a surface is the reciprocal of the product of the principal 
radii of curvature of the surface at that point. 

Consider a small portion PQRS of the surface bounded 
by lines of curvature; then PQRS is ultimately a rectangle 


whose is PQ. 

ep uh: mals at P, Q, R, S, drawn 
radius, meet the sphere 
es at any point of a 
q, T, 8 are right 
angles, and therefore pqs is tangle whose area 
is P4. ps. But the AEG between the normals at P and Q 
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is ultimately AQ and the angle between the normals at P 
Py 


and S is ultimately =, where p,, p, are the principal radii 
1 


PS 
of curvature at P. Hence pq -— , and ps — — ,so that us 


2 
f 
area of pqrs is ultimately PQ.PS . Hence the measure 0 


Rite. S nal of 
curvature at P, which by definition is the limiting value 
area pgrs . 1 


area PQRS’ ?? PP 
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262. DEF. A geodesic line on a surface is such that ana 
small element AB is the shortest line which can be dra 
on the surface from A to B h ear 

The length of the line joining any two indefinitely n 
points will clearly be least when the curvature is least. i 
by Meunier's theorem, the curvature of a surface througowe 
given tangent line is least when the section is a nor tho 
section. Hence at any point of a geodesic line on a surface hat 
plane of the curve contains the normal to the surface, so th! 
the principal normal of the curve coincides with the norm? 


to the surface. We therefore have at any point of a geodesi? 
line on a surface 


CURVATURE or Coxicorps, 
263. Since all 


plane at P. Hence the tan 
at any point P are parallel to 
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Now, by Art. 167, the lines which are parallel to the axes 
of the central section are the tangent lines at P to the curves 
of intersection of the conicoid with the confocals which go 
through P. Hence, as we have already proved in Art. 255, 
the lines of curvature of a conicoid are the curves of intersec- 
tion with confocal conicoids. 

264, We can shew that the lines of curvature on a 
conicoid are its curves of intersection with confocals in the 
following manner. 

At points common to 


iy em 
EET UT Riad cetttenicanaceaes sera (i) 
LN he ihn pation 

and xc pu c sss NS em (ii), 


we have, by subtraction, 


a y go E 
IGIN TIOFEN) [UTEM (iii). 


Differentiating (ii) and (iii) we have 


adn) adonde oo n A str iv), 
SEX | BEN OER Gy) 
ado, Yiya p L eg. A lus (9). 
a aay DON CHA) ue 
The elimination of a+% 0+% e+ from (iii), (iv), 
(v) gives 
EIS aecboocnaadde (vi), 


* : i f intersection 
which is the differential equation of the curve o 
of (i) m |y pt. of its confocals; and it is easy m ae by 
comparing with (i), Art. 252, that (vi) is the differentia 
equation of a line of curvature. 
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265. The radius of curvature of any normal section of # 
central conicoid may be found as follows. à 
The radius of curvature of any central section of & coni- 
coid through a point P is, by a well-known formula, equal to 
2 


z , Where d is the semi-diameter parallel to the tangent atP, 


and p is the perpendicular from the centre on the tangent 

at P. Hence, by Meunier's Theorem, the radius of curvature 

of any normalsection of a conicoid through the point P is 
2 


equal to —, where p, is the perpendicular from the centre 


on the tangent plane at P, and d is the semi-diameter 
parallel to the tangent line at P; for the cosine of the angle 


between the normal section and the central section is B, 


266. At any point of a line of curvature of a central 
conicoid, the rectangle contained by the diameter parallel to the 
tangent at that point and the perpendicular from the centre p 
the tangent plane at the point is constant. 

Let p be the perpendicular from the centre on the tangent 
plane at any point P of a given line of curvature, and let % 
be the semi-axes of the central section parallel to the tange? 
plane at P. Then, one of the axes, 2 suppose, is paralle! © 
the tangent at P to the line of curvature, and the other 23 
is of constant length for all points on the line of curvatur 
ee 167, Cor] Hence, since pzB is constant, it follow? 
that pz is constant throughout the line of curvature. 

207. At any point of a geodesi conicoid, the 
qtti amio by the ome sell t he eg 
e per, 7 n 
plane at the point ts Dec bis the cendre E d 

The differenti icol 
22? + by Paria... taion of a geodesic on the coni? 


d's dy d 
ds ds gg 


ax y cz 
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ule dues 
or gum E i 
auc E P eotrcoaoammeacoonia 9) 


We have to prove that pr is constant, where 


1 = as" 4 by! Hoz” eee, 


and l quee bytes Meere veteres oues se (Dy 


Differentiating aa*+ by + cz =1 twice wi 
we have 


th respect to s, 


ax? + by? + cz" + azz" + byy +022" = 0...... (iv). 


From (i) we have 
n LÀ m y, 
acu’ + byy’ + 022" P, from (iii) and (iv). 


Am E TM LT d 
PEUT T 
1 dr 
| axa" + by'y” + ozz" rds - ds 
Also X =r} TE oA =T dp dp’ from (ii) and (iii). 
pds 
ldr ,1dp 
1dr 1% _0, 
Hence Eus +5 ls 


and therefore pr is constant. 

Ex. 1. The constant pr is the same for all geodesics which pass through 
an umbilic. S 

This follows from the fact that the central section parallel to the tangent 
plane at an umbilio is a circle, and therefore the semi-diameter parallel to 
the tangent to any geodesic through an umbilio is of constant length. 

Ex. 2, The constant pr has the same value for & 
the same line of curvature. 4 , " 

At the point of contact of the line of curvature and a geodesic which 
touches it, both p and r are the same for the line of curvature and for the 


geodesio. 
which touch the same line of curvature make equal 


Ex. 8, Two geodesics Iu 3 " 
an i lin "urvature through their point of intersection. 
aude Cpu: allel to the tangents to the two 


diameters pari 
rom Ban a a semi dine P. are equal to one another, and are 


eodesi i i > h $ 
era ARE pis the axes of the central gection which is parallel 
to the tangent plano at P. But the axes of the central section are parallel to 
the tangents to the lines of curvature through P: this proves the proposition, 


1l geodesics which touch 
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Ex. 4. Two geodesics which pass through umbilies make equal angles 
with the lines of curvature through their point of intersection. 


Ex. 5. Any geodesic through an umbilic will pass through the opposite 
umbilic. 


Ex. 6. The locus of a point which moves so that the sum, or the differ- 


d x mur iho 
ence, of its geodesic distances from two adjacent umbilics is constant, 1s 
line of curvature, 


Ex.7. All geodesics which join two opposite umbilics are of constant 
length. 


Ex. 8. The point of intersec 
of curvature, which i: 
Let Ty 74 be the si 
at P, their point of in 


tion of two geodesic tangents to a given line 
ntersect at right angles, is on a sphere. desios 
emi-diameters parallel to the tangents to the geo Tea 
tersection, Then, since the geodesics cut at right angles, 

Lele ot. A 

mtn at me 
where a and B are the semi-axes of the central section parallel to the EXE 
plane at P. But, if p be the perpendicular on the tangent plane at P, t 


pr,—pr,—constant, from Ex. 2, Hence, since paB is constant, and also 
a? + 62+ OP4, it follows that O. 


P is constant. 
, f f 
Ex. 9. The point of intersection of two geodesic tangents, one to each 0 
two given lines of curvature, which cut at right angles, is on a sphere. 
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l. A surface is formed b 
its directrix ; shew that the 
in a constant ratio, 


2. If p, p' be the principal radii of curvature of any point of 
an ellipsoid on the line of its intersection with a given concentri 


sphere, prove that the expression (oy will be invariable. 
p*p 


$ If w, +u, +u, + i1, be the equation to a surfaca 
where u, is a homogeneous function of x, y, z, of the rth deg™ ot 
then u, +u, +u, (lo 4- my + n2) — 0 will be the general equation 


surfaces of the second order having the same curvature ab th? 
origin, 


y the revolution of a parabola. aboni 
principal curvatures at any point & 
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4. The normal at ca i inci 

,9 ihe ch point of a principal section of 

Send is intersected by the normal at a consecutive point net 

TENE e principal section ; shew that the locus of the point of inter- 
ion isan ellipse having four (real or imaginary) contacts with 


the evolute of the principal section. 
5. Inthesurface y cos 7 _ sin ==0, 
a a 


ary tat 


the principal radii of curvature at (a, y, 2) are + 


6. Shew that the umbilici of the surface 


E i 4 
(9*0 0-1 
; a, b c 
lie on a sphere whose centre is the origin and whose radius is 
equal to [CON 
ab 4- bc + ca. 
7. Y The centres of curvature of plane sections of a surface at 
any point lie on the surface 


IG Z) 


" 8. Prove that the line which separates the synclastic from 
ne anticlastic parts of a surface is a line of curvature, and that 
along it the inflexional tangents coincide. 

of the lines of curvature of an ellipsoid on 


9. The projections i 
the cyclic planes, by lines parallel to the greatest axis of the 


surface, are confocal conics. 


. 10. If.one of the lines of curvatur 

lies on a sphere all the other lines of curvature, ot 
rectilineal ones, lie on concentric spheres. 

11. A plane curve is wrapped upon & developable surface. 

If p is the radius of curvature of the plane curve at any point, p 

the corresponding radius of circular curvature of the curve upon 

dius of curvature of 


the surface, Æ the corresponding principal ra 1 
le at which the curve intersects the 


the surface, and $ the ang 
gene sng 1.1 
rator of the surface, ^pa =p" CE 


o on a developable surface 
her than the 
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z 


i are 
12. If one system of lines of curvature of a see oe 
circles, the surface is the envelope of a sphere whose centr 
on a given curve, 


ren as S : ture or à plane 
13. If a geodesic line is either a line of curva il 
curve it is both; but a plane line of curvature is not necessarily 
eodesic, f ic 
g Shew that if one series of the lines of curvature is geodes 
they are all repetitions of the same plane curve. 


14, Shew that if the normal to a surfaco always passes 
through a given curve, one set of the lines of curvature are an ii 
and that those normals which pass through a given point E. the 
curve are generating lines of a right cone whose er always 
tangent at that point. Hence shew that if the norma. lanes 
passes through two curves, these curves must be conics AE b 
at right angles, the foci of one being the vertices of tho other. 


NE e 
15. Find the differential equation of the projection on 
plane zy of each family of lines of curvature of the surface bh 
is the envelope of a sphere whose centre lies on the pa 
x’ + 4ay=0, =0, and which passes through the origin. 


H f a 
16. Shew that the principal curvatures at any point © 
surface are given by the equation 


dl d a m0, 
dr p’ dy rbd 

dm dm 1 dm 

de ' dy*y! ds 

dn dn dn 1 


Go ay dz p 


e 
where J, m, n are tho direction-cosines of the normal at t} 
point, 


17. The tangent planes to the surface of centres at the tW? 
points where any normal meets it aro at right angles. 
18. Shew that the point for which z—y-zisan umbilic of 
X" ty" 4 2" = a’, 
and the radius of curvature there is 


m-t 


ni 
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19. In a hyperbolic paraboloid, of which the principal para- 
bolas are equal, the algebraic sum of the distances of all points of 
the same line of curvature from two fixed rectilinear generators is 


constant, 

20. Along the normal ata point P of an ellipsoid is measured 
PQ of a length inversely proportional to the perpendicular from 
the centre on the tangent plane at P; prove that the locus of Q is 


another ellipsoid, and that the envelope of all such ellipsoids is the 
“surface of centres,” that is the locus of the centres of principal 


curvature. 


21. Shew that the spe 
surface ayz=abe varies as th 
from the origin on the tangent plane at 
umbilicus it is } (a3) Ë. 

99. If a surface have one principal radius of curvature con- 


stant it is the envelope of a sphere of constant radius. 
; iia oy Pip 
23, Find the umbilici of the surface A +5 ae }?, and 


cific curvature at any point of the 
e fourth power of the perpendicular 
the point, and that at an 


shew that at the umbilicus Z=%-5 tho directions of tho three 


lines of curvature are given by the equations 
z = ad, wy = É and 5 -£ respectively. 

24, If two geodesics be drawn on an ellipsoid from any point 
to two fixed points, the sine of the angle between them varies as 
the perpendicular on the tangent plane at the point. 

the distance of any 


25. Shew that on a surface of revolution, 
point of & geodesic from the axis varies as the cosecant of the 
i d the meridian. 


angle between the geodesic an 
ic line be drawn on & developable surface and 
26. If a geodesic line gero 


cut any generating line of the surface at an angle 
Wed I ARCS of regression measured along the generator, 


prove that 
TM cot y . t=p; 
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where p is the radius of curvature of tho edge of regression 
at the point where the generator touches it. 


27. Shew that the tangent to a geodesic or line of curvature 
on a quadric always touches a geodesic or line of curvaturo 
respectively on a confocal auadric. 


28. Shew that the reciprocals of the radii of curvature and 
torsion of a curve drawn on a developable surface are 
sin’ 0 sinfcos0 da 
— and — — —— +—, 
pcosa P ds 
where p is the principal radius of curvature of the surface at the 
point, Ó the angle the tangent line to the curve makes with the 
generator through the point, and a. the angle between the normal 
to the surface and the principal normal of the curve, 
If a geodesic on a developable surface be a plane eurve it must 
be one of the generators or else the surface must be a cylinder. 


29, 


a geodesic drawn ona surface, and Ls l be tho principal curvatures 
y P; Ps 
of the surface at that point, shew that 


1 1 ) (3 1 

a*(-2--)(2-2)-o. 

LR G 3 
30. Throug 


hrough a given generator of a hyperboloid of one sheet, 
draw a variable plane; this will touch the surface at some pol 
A on the generator and will contain the normal to the surface 9 
another point B. Shew that the sum of the square roots © 


measures of curvature of the surface at A and B is constant for al 
planes through this generator. 


Hence shew that the Same proposition is true for any skew 
surface, 


31. Ifm be the pitch of the screw b i ator of 
e pite! y which any gener: 
a skew surface twists into its consecutive got) shew d 
a" + pp — 0, where p, p’ are the principal radii of curvature ab t 


point where the shortest distance between the two consecutiv? 
generators meets them, 


1 1 ^ j: 
If 7 and = be the curvature and tortuosity at any point of 
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n an ellipsoid from an umbilicus 


32. If a geodesic be drawn o: 
prove that its radius of torsion 


to an extremity of the mean axis, 
at the latter point is 
ac 
—— —ÀÓ——À 
NI NT 
where a, b, c are the semi-axes of the ellipsoid arranged in 
descending order of magnitude. 
a surface a number of geodesic 
) that those which have 
ngles between the 
rsion of any line, 
is given by the 


_ 93. If from any point on 
lines be drawn in all directions, shew (1 
the greatest and least torsion bisect the a 
principal sections, and (2) that the radius of to! 
making an angle @ with a principal section, 


equation 
1 = (2-4) sind eos 
2 Pi Ps : " 
Where p,, p, are the radii of curvature of the principal sections 


34, Find the equation to the surface which is the locus of the 
onfocal ellipsoids, Prove 


central circular sections of a series of c 

that this surface cuts all the ellipsoids orthogonally, and that the 

orthogonal trajectories of the circles, drawn upon the surface, are 

lines of curvature upon two hy perboloids confocal with the 

ellipsoids. 
35. If n cono of revolution circumscribe an ellipsoid, prove 

that the plane of contact divides the ellipsoid into two portions 

whose total curvatures are 27 (1+sin a) and 2r (1- sin a), where 

2a is the vertical angle of the cone. 

Jinder circumscribes an ellipsoid i 

urvatures are equal. 

y point of the surface 


36. If any cy’ t divides it into 
portions whose integral c 


37. The measure of curvature at an; 
zy wy: cs 
= gal 1s Err” 


3 
tor through the point cut off 


a 


where r is the length of the genera 
by the plane z= 0. 

if radii be drawn to 9 sphere parallel to the 
dog e E nt of a closed curve of continuous 


principal normals at every poi 
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curvature, the locus of their extremities divides the surfaco of the 
sphere into two equal parts. 


Hence shew that the total curvature of a geodesic triangle on any 
surface is equal to the excess of its angles over two right angles. 


39. Define the radius of geodesic curvature of a curve drawn 
upon a surface, and shew that at any point it is equal to Æ cot d 
where È is the radius of curvature of the normal section cone 
ing the tangent to the given curve, and ¢ is the inclination of t! 
osculating plane to that section, 


40. If a surface roll on a second surface without rotate 
about the common normal, and the trace on one surface is 
Geodesic, the trace on the other surface is a geodesic, 


Hence prove that Gauss’s measure of curvature is constant for 
all areas enclosed by geodesica, 


MISCELLANEOUS EXAMPLES. 


..l THe inclinations to the horizon of two lines which are at 
right angles to one another are a, f, the lines being on a plane in- 
clined to the horizon at an angle 0; shew that sin? 0 — sin*a + sin' B. 

9. Shew that the volume of the tetrahedron of which a pair 
of opposite edges is formed by lengths 7, y on the straight lines 
whose equations are 


z-a y-b z-c 
eu Ei st aa yf eta 
is im a-u, b-b, c-o]. 
i 5 ome cs cn 
it , mo nm 


3. A parallelogram of paper is creased along its shorter 
diagonal, and the two halves are folded so a8 to make an angle 0 
with each other: find the distance between the extremities of the 


longer diagonal, and prove that it is equal to the shorter, if 
m 
sin* 3 =cotacotf, where a and 


B are tho angles th 
with the shorter diagonal. 

4, The ends of a straight line lie on two fixed planes which 
aro at right angles to one another, and the straight line subtends 
a right angle at each of two given points: shew that the locus 
of its middle point is a plane. 

5. The equations of three straight lines are y — 4 = 1, 220; 
g-c-]1, En and z-9 7 b PER prove that the locus of all 
Straight lines which intersect the three lines 18 

ah gy tat ys- bnc ty = I 


e sides make 
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i ine in the points 
. Three fixed lines are cut by any other line in 

A È C, aad D is the point on the line ABC such that {ABCD} 
is harmonie: shew that the locus of D is a straight line. 


7. A point moves so that its perpendicular distances e 
two given lines are in a constant ratio: shew that its locus is 
' hyperboloid. 


8. A straight line slides upon two fixed straight us K 
such a way that the part intercepted subtends a right angle 
a fixed point: shew that the line generates a conicoid. 


9. A sphere touches the six edges of a tetrahedron : shew 


; T t 
that the three lines joining pairs of opposite points of contac 
will meet in a point. 


f 

10. A straight line moves in such a manner that sachin 
four fixed points on the line is always on a given plane; 8^ 
that any other fixed point on the line describes a plane ellipse. 

11. 


Any three points P, Q, R, and the polar planes of those 
points 


with reference to any conicoid are taken. PQ, PR, e 
the perpendiculars from P on the polar planes of Q and R e 5 
tively; QR, QP, are the perpendiculars from Q on the P 
planes of R and P respectively ; and RP,, RQ, are the pem 5 
diculars from R on the polar planes of P and Q respective’y 
Shew that PQ,. QR,. RP.— PR,.QP,. RQ,. 


12. Shew that, if the equation 
ast? + by? + cz + Ufya + m + 9a = 0, 


n 
planes, the planes which bisect the angles betwee 
by the equation 


represent two 
them are given 


xz 


= 0. 
EA A . 
anthy+gz hribykfe ga+ fy +cx 

1l 1 1 
Y-gh "' lg-M hfg 


13. Shew that, if the equation 
an’ + by? + 02? + Ofyz + 2gzz + Lhay = 0, 
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represent two planes, the product of the perpendiculars on the 
planes from the point (x, y, 2) is 
ax! + by? + c2 + 2fyz + 2920 + Thay 
(arbrofi bo) (gon) +A- ab) © 
14. If U z (abcdlmnpgr) (xyz)? =0 is the equation of a cone, 
shew that the co-ordinates of the vertex satisfy the equations 


eU aU aU 


ago aaa 
9a b al 


where A is the discriminant. 

15. Shew that, if the equation 
aa? + by! + cz! + Yfy2 + 2gzu + hwy + Qua + wy + 2wz * d= 0, 
represent a paraboloid of revolution, c — b +a. Shew also that if 
c — b- a, the equations of the axis of the paraboloid will be 

cz +w=0, (cx tw) Jat (cy +) Jb=0. 


16. Shew that the three principal planes of the surface 
ax? + by? + cz + fyz + 9gza + 2hxy=1 

are given by the equations A 

MD 


ax + hy +92, ha +by fe. gx +fy +c 
Ha + By F2, Gaz + Fy + Cz 


Ag + Hy + G% 
ez o» ul m i 

where A, B, C... aro the minors of a, b, c in the determinant 
a, h, g|* 
h, b, f 
ofc 

17. Ifr be any semi-axis of the conicoid 
ax + byf cz + 2fyz + 2g 2hay =1, 
provo that the values of 7 will be given by 
gh VPE at LH m L 
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18. The ellipse 8? c a^j — a'b? — 0, z=0 is a plane section 
of a cone whose equation, referred to its principal axes, is 
Byz? + yos! + afz — 0. 
Shew that the vertex of the cone is on the curve 
(um -ad-UyY (ab -b — ay? - (d + mney 
pa VEC mode Sees E fd eee 
a+ß+y } { By+ye+aß 
ip, {ey 
afy ) ' 
19. Shew that the conicoid az? +by' cz 4 d— 0 is its ow? 
polar reciprocal with respect to any one of the conicoids 
+ar & by’ scs sd-0. 
20. Find the locus of the centre of the sphere which pure 
through two circular sections of a conicoid which are of oppos! 
systems and whose planes are equidistant from the centre. 


21. Prove that the foci of sections of an ellipsoid made P, 
a series of parallel planes lie on an ellipse. 


22. Shew that the perpendicular from the centre On the 


2 2 
tangent plane at any point of 2 xi -S=lis T , where 7 
a c 


4 c 
ite length of a generator through tho point cut off by the plane 
of ay. 


23. The six lines AB’, B'O, C A', A'B, "4 are six gone 
rators of the hyperboloid ae + by? EA D. TA Be, CAs 
are respectively parallel to A’ B, BC’, C A : shew that, if 2 
parallelopiped of which the six generators are edges be complete 
the corners which are not on the hyperboloid will be on 


ax? + by + cz 3-0. 


H of 
24. Shew that at any point the rate per unit of length 


R 3 ZO 
generator at which the normal to the hyperboloid um dud 
a 
twists round a generator as we move along itis where 7 
o 


is the distance, 
the plane of zy. 


c 

eur D 
-at fro 

measured along the generator, of the point : 
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25. ABCDQ isa twisted polygon all whose angles are right 
angles; AB, CD lying on fixed straight lines. Shew that if 4, 
L, C, D be any points on their respective lines, the locus of P or 


Q is an hyperboloid of one sheet. 


96. If I be the latus-rectum of a parabola, and Z, Z,, 7, the 


latera recta of its orthogonal projections upon a rectangular system 
of co-ordinate planes making angles a, 8 and y respectively with 
the plane of the original parabola, then 
2 costa cosi | costy 

ai Li 1j 1 


27. If the six points on a conicoid, normals at which meet 
in a point, are joined in pairs by three lines, prove that whatever 
set of joining lines is taken the sum of the squares of the semi- 
diameters parallel to them is constant. 


98. A conicoid whose centre is D touches the three planes 
ctively: shew that the lines 


YOZ, ZOX, XOY in A, B, C respe 
through 4, B, C parallel respectively to OX, OY, OZ, and the 
line OD are four generators of an hyperboloid of one sheet. 


99, Three perpendicular tangent planes are drawn, one to 
each of three confocal conicoids: shew that the normals at the 
points of contact of the planes, and the line joining their point 
of intersection to the centre of the conicoids are generators of an 


hyperboloid of one sheet. 


oint O meet any number of 


30. If any line through a fixed p 
, and on the line a point Æ 


fixed planes in the points A, B, C...... 
1 1 1 
be taken such that OX "04 + op * 96 +... j shew that the locus 


of X will be a plane. 


a fixcd point O meet any given sur- 
D... and X be taken such that 


then will the locus of X be a 


31. If any line through 
face in the points A, BGs 
A ee 
Ox OA 0B 00 0D ^7" 
plane. 
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39. Two straight lines drawn in fixed directions through E^ 
point O meet a given surface in the points A, B, C, D... an 


" py 04.0B.0C.0D... 
A’, B', C', D'...; shew that OB 0C OD. 


is constant. 


33. Prove that the pedal of a helix with regard to any po 
on its axis is a curve lying on a hyperboloid of one sheet; an j 
that, if the pitch of the helix be 47, this curve will cut perpen: 
dicularly all the generators of one system of the hyperboloid. 


34. A curve is drawn on a sphere of radius a cutting all the 
meridians at a constant angle ; shew (i) that the foot of the P 
pendicular from the centre of the sphere upon the osculating pla 


is the centre of curvature; (2) that if P, € be the radii of curva- 
ture and torsion gp! = a’, 


35. Prove that the shortest distance of the tangents at two 


3 
points PQ of any curve is ultimately equal to Pe where p and 


Gpo ' 

c are the radii of curvature and torsion. d 
36. Tangent 
line of curvature: 
on their planes lie 
formed are confo 
perpendicular to t 


planes to a conicoid are drawn at points along ^ 
shew that the perpendiculars from the conn 
on a quadric cone, that the different cones is 
cal, and that the focal lines of the cones 9T 
he circular sections of the conicoid. 
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